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— “The geographical and geological signification of the 
Hondsrug, and the examination of the erratics in the Northern 
Dilwium of Holland.’ By Prof. Eve. Dusoıs. (Communicated 
(by Prof. K. Marrın). 


Er | (Communicated in tbe meeiing of September 30, 1905). 


[%. To those who do not know the Hondsrug from a personal visit 
the name generally suggests an imposing hilly ridge, or perhaps 
even a small mountain range. Visiting it for the first time, one is 
disappointed in finding it to be no more than a nearly imper- 
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ceptible undulation of the ground, which only in some parts scarcely 
deserves the name of hill. Before one is aware of it, its “summit’ has 
been reached, and it is probably only owing to the rather steep 
slope of the Drenthe plateau towards the valley of the Hunze and the 
extensive Bourtanger marsh, that this part ofthe country has received 
its peculiar name. Without these the “ridge” would possibly be passed 
unnoticed. However, the fact remains that there is a slight, irregular 
elevation of the ground, rising at the most but a few meters above 
the country on its western borderline, which, running from the 
South-East to the North-West, is almost entirely confined to the 
Province of Drenthe and has its Northern end a short distance 
beyond the town of Groningen. 

From a geological point of view, the Hondsrug is interesting on 
account of the numerous erratics found there, several shiploads of 
which are yearly collected. This, however, is a peculiarity not limited 
to the Hondsrug: until recently similar boulders were also met with, 
in as large numbers, in other parts of Drenthe and Friesland, but in 
the more inhabited districts of these provinces they have, for the greater 
part, already been dug out. Another point which until lately lent a 
certain importance to the Hondsrug, was the generally accepted notion 
of it being a terminal moraine. This interpretation, first started by 
Prof. van CALKER, and especially based on his exploration of the 
northern termination of the Hondsrug, in the town of Groningen 
and in its vieinity, has successively been adopted. By a number of 
papers, dealing, with ‚the Hondsrug in Groningen, published during 
the last twenty years Prof. van CaLker has not a little contributed 
to give to this insignificant ridge a rather prominent geological 
importance. Almost from the outset of his investigations, VAN CALKER 
expressed his positive conviction that the Hondsrug is a terminal 
moraine. As early as 1889, he writes'): “Seit meinen ersten ein- 
schlägigen Untersuchungen stand meine Ansicht fest, dass der Honds- 
rug eine Endmoräne repräsentire, eine Moränenablagerung, welche 
einem längeren Stagniren im Rückzuge des Gletschers, vielleicht bei 
einer gleich gerichteten Bodenwelle entspricht. Und mein Vermuthen, 
dass diese eine weitere südöstliche Erstreckung habe, wurde bestätigt, 
als ungefähr 38 K.M. südöstlich von hier bei Buinen in Drenthe 
beim Aufgraben von Geschieben auch solche mit abgeschliffener und 
geschrammter Oberfläche zum Vorschein kamen und noch etwa 
26 K.M. weiter südöstlich von dort, bei Nieuw-Amsterdam solche 
von mir selbst gesammelt wurden, und ich an letzterer Localität die 
Grundmoräne constatiren konnte.” 


'), Zeitschr. der Deutschen Geologischen Gesellschaft. 1889, p. 351. 
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But when we compare the descriptions of Prof. van CALker with 
those of the terminal- and bottom moraines of other countries, it appears 
doubtful whether even -that part- of Groningen examined by van 
CALKER, notwithstanding its “tremendous arceumulation of stones and 
large boulders”, deserves the name of terminal moraine, and may not 
in fact rather be considered as a bottom-moraine'). It can only have 
been the shape and direction of the Hondsrug and the presence of 
the numerous erraties found at its surface, which induced Prof. van 
CALKER and others to regard this steep ridge of the Drenthe plateau 
as a terminal moraine. Of its internal structure, except for the portion 
which terminates in Groningen, no notice had been taken. 

However in 1891, Lorıt, after his exploration of the high peat- 
moss of Schoonoord, already expressed the opinion that those who 
had really visited and explored the Hondsrug were not justified in 
calling it a terminal moraine. He considers it to be the border of the 
Drenthe plateau, slightly folded back by the moving ice-sheet ?). 

A few years ago I had several opportunities of visiting those parts 
and making the exploration alluded to by Lori#. To me it became 
quite evident that the Hondsrug in Drenthe is not a terminal moraine. 
Its geological structure, which I investigated more closely over the 
Southern half of its length in Drenthe and but partially over its 
Northern half, entirely refutes this interpretation. I found its nucleus 
not composed of morainie material, but to be of fluviatile origin and 
to consist of Rhenish Diluvium’’) At the same time I also observed 
that this fluviatile nucleus — although but slightly — was distinctly 
vaulted. The second problem therefore to be solved, was to find the 
cause of this vaulting, about which I could not agree with Lorık, 
who ascribes it to the motion of land-ice from the North-East. I 
could not admit the possibility of the ice-sheet folding the soil 
without perceptibly disturbing the nucleus of the fold, for the 
contortions do not enter deeply into this nucleus; its stratification 
has, in general, been well preserved. Basing my deductions on the 
phenomena observed in the ice-sheet of Greenland, to which the 
diluvial land-icee may be most’/aptly compared, I proposed several 
possibilities which might account for this peculiarity. I suggested 
the possibility of the ice having moved in the longitudinal direction 


ı) F. J. P. van Caıker, De ontwikkeling onzer kennis van den Groninger Honds- 
rug gedurende de laatste eeuw. Bijdragen tot de kennis van de provincie Groningen, 
etc. p. 217. Groningen. 1901. 

2) Handelingen van het Derde Nederl. Natuur- en Geneeskundig Congres, 1891. 
pp. 347 and 349. 

3) These Proceedings, V, p. 93—114. se 
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over the Hondsrug, a certain elevation of tlıe soil underneath it at 
the same time having taken place from some cause or other. I 
supposed, as one possibility, the mean pressure of the ice to have 
been somewhat lessened, or its progress to have been easier just 
above the present ridge. I imagined the change in the direction of 
the ice-stream t0 have been occasioned by the Northern ice-sheet 
being pushed back by the British ice-sheet in the German Ocean. 

Recently, Dr. H. G. JoxkErR, one of Prof. van CALKER’s youngest 
pupils, has refuted my views in these Proceedings‘). Though, from 
a few lines at the end of his paper, it appears that he agrees with 
me on the main point, — namely, that, as to its geological compo- 
sition, the Hondsrug in Drenthe consists of a fluviatile nucleus, 
covered with a glacial deposit, and that on this account it cannot 
possibly be considered a terminal moraine. But on the other hand, 
he advances numerous arguments to disprove the probability of a 
change in the direction of the ice-stream, and one of the ways in 
which I conceived the raising of that ridge could have been effected. 

In the first place I wish to refute, as briefly as possible, the 
objections raised by Dr. JonkER to the explanation of the last-named 
point suggested by me. 

As mentioned before, the results of my investigation principally 
related to the portion of the Hondsrug situated in the Southern part 
of Drenthe, about half of its entire length in that province. I myself 
mentioned several spots where the glacial covering does not consist 
of sand but of loam. This circumstance however is not inconsistent 
with the statement that the ridge, ın general, is less rich in elay 
than its Western borderland. Neither does it exclude a freer move- 
ment of the ice-sheet over the Hondsrug, which I suggested as a 
probable agency in the formation of this ridge. 

As far as I am able to judge from the few excavations I visited 
in the Northern portion of the Hondsrug, it seems to me that, in 
general, its structure does not differ from that of the Southern part. 

Dr. Jonker further mentions a few spots in the North of Drenthe 
where the glacial cover of the Hondsrug consists of boulder-clay, 
viz. in the neighbourhood of Gasselte and Zuidlaren. Of the latter 
locality and also of some places near the town of Groningen, where 
much boulder-clay is found, Dr. Jonk£r himself says that the hilly 
character of the Hondsrug is less distinetly to be recognized, and 
that the Hondsrug is hardly noticed there. These spots therefore may 
be left out of account. 

With regard to Dr. Jonker’s reference to the borings of the Dutch 


) Vol. VIII (1905), p. 96-104. 
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Society for the Reclaiming of Heaths, I make the following remark. 
Through the kindness of the Direction I was enabled to consult the 
original registers together. with the.maps, relating to the borings, and 
afterwards controlled these in situ. I ascertained, by many controlling 
borings, that the borings of the Society are Iying too far apart to 
give an approximately exact idea of the presence and distribution 
of the loam; besides that it is decidedly incorreet to state that “red 
clay especially oceurs on the Hondsrug and chiefly in its highest parts”. 

The other solution, which I suggested, in a second paper dealing 
with the Hondsrug, as a possible explanation for the origin of the 
longitudinal vaulting of the ridge (an explanation which is independent 
of the distribution of the boulder-elay and boulder-sand and which 
at the same time throws some light on the origin of the strange, 
round hill “Brammershoop”), which Dr. Jonker leaves unnoticed. 

I believe to I have given already sufficient reasons for the opinion 
I hold, that, generally speaking, boulder-clay and boulder-sand have 
been, from the first, two distinet kinds of deposits, and that the 
latter has not proceeded from the former. I will only add, that to 
Dr. JonKker’s statements “that the percentage of stones in the boulder- 
clay increases very much towards the surface”, I can oppose the 
results of other and, I believe, more extensive statements, where 
either the reverse was the case, or the stones were uniformly distri- 
buted. This. disparity is easily explained from the great local diffe- 
rence in that quantity, justly observed by Dr. JoNKER. 

The vanishing of limestone-boulders does not prove the washing-out 
of the loam, for it may have been occasioned by solution alone, without 
washing;; calcarious pebbles, originally present in clay or sand, may 
disappear when the underground-water is not saturated with bicarbonate 
of lime, and they may be preserved when this is indeed the case. I wil- 
lingly allow that the reason why, for instance, the clay of the Mirdum- 
Cliff is especially rich in absolutely unmodified calcarious stones (the 
finest seratehings have been preserved), and that on the contrary, in 
other parts, not a single calcarious pebble is found in similar clay, 
need not be attributed to local differences in the original composition 
of the ground-moraine. But this cannot be said with regard to the 
flints, and especially not in respect of the clay itself. Clay of the 
tough kind, called boulder-clay, is a very resistant substance. Expe- 
rience in the field teaches that there can be no question of a wash- 
out of particles of elay from a similar mass. The motion of the water 
through the clay is far too slow for it. If Dr. Joxker had more 
frequent opportunities of studying boulder-elay and sand abroad, 
especially in England, he would, undoubtedly, have modified his 
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opinion on this head. I do not in the least question Dr. JONKER’S 
assertion, that in some places he “can deeidedly conclude from the 
relief whether we have to do with boulder-sand or with elay”, 
because there is such a large difference in the resistance which 
boulder-clay and sand offer to erosion; but in most parts of Drenthe 
it is impossible to judge from the appearance of the surface, whether 
the ground underneath is sand or clay: this I learnt from consulting 
the mentioned register of borings and also from numerous small borings 
on my own account. The-parts of the bottom-moraine from which, in 
the opinion of Dr. Jonker, the boulder-elay has “disappeared”, and 
the “intermediate stages between original boulder-clay, and altogether 
washed-out boulder-clay”’, therefore undoubtedly, have been varieties 
existing from the beginning. 

With regard to the oceurrence of flint, which among our erraties 
has been rather disregarded, there really exists an important differ- 
ence between boulder-elay and boulder-sand. This I learned especially 
too through the “comparative mechanical analysis”’, recommended by 
Dr. Jonker. Further I recolleect that among the stones found in 
the sand on the Hondsrug, I did not come across a single flint; 
on the other hand I met with flint in all the clay-pits in the 
neighbourhood, and, taking also into account the small fragments, 
I found it even largely represented. The single exception which 
Dr. Jonker observed in a pit of loamy sand near Groningen, is no 
proof against this general experience. Besides, the bed was only locamy 
sand, not boulder-clay. He too found flint in several clay pits on 
the Hondsrug in Drenthe. In the fact, that on the whole (for it is 
necessary to compare places Iying outside the Drenthe Hondsrug as 
well, because our Northern diluvium is generally considered as 
belonging to one and the same glacial epoch) there is, with regard 
to the presence of flint, an evident difference between boulder-clay and 
boulder-sand, I find another proof in favour of my opinion that, 
generally speaking, the one has not proceeded from the other by 
a wash-out. Neither the occasional absence of flints from boulder- 
clay nor the occasional presence of these stones in boulder-sand, are 
proofs against tlıe general tendency of my argument. 

In the preceding I have endeavoured to give a suceinct refutation 
of the objections raised by Dr. JonkERr against one of the solutions I 
proposed to account for the vaulting of the Hondsrug, — a question 
which is only of secondary importance. 

But | gladly avail myself of the opportunity to discuss a point 
of far greater importance, on. which Dr. Jonker has expressed an 
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Opinion, namely, the direction of motion of that part of the ice-sheet 
which reached our country. 

From an examination of sedimentary-rock erraties from the Gro- 
ningen part of the Hondsrug, ‘the results of which he stated in his 
dissertation, which appeared last year, Dr. Jonk£r came to the same 
conclusion as SCHROEDER van DER Kork had arrived at from the 
examination of igneous-rock erratics, especially from the Hastern 
parts of the country, and as others too, namely “that the glacial 
flow which has produced the glacial diluvium in the North of the 
Netherlands was a Baltic one.” He even thinks it possible to trace exactly 
the course taken by the glacial flow which “has created the Groningen- 
diluvium”. To these statements I have to make serious objections. 

For long years, neglecting the available direct means of traeing 
the direction of the glacial flow, such as the examination in situ of 
the (Quetschstene — a study already recommended fourteen years 
ago by our ever-lamented SCHROEDER VAN DER KoLk — it has been 
a custom in the Netherlands to be guided, in the determination of 
the direction of the glacial flow, exelusively by the solid rocks from 
which the stones carried towards us by the ice were derived. It 
was not taken into account, and indeed was not at all known in 
former time, that the great Ice Age, during which the Northern 
Diluvium of our country was deposited, was preceded by another 
glacial epoch, of lesser importance, it is true, for the Northern ice- 
sheet did not reach our country then, but which was notwithstanding 
the first real glacial epoch, by which the Pleistocene period was 
introduced. In that first glacial epoch, the Scanian Epoch of Prof. 
JAMES GEIKIE, there lJived in the North Sea the arctie fauna of the 
Weybourn Crag, and, during the melting period of the Alpine ice, 
our country received the Rhenish Diluvium. 

In that same epoch, in Scandinavia and in the uplands to the 
East of the Baltic, on the plateau called Fennoscandia, an ice-sheet 
was formed which, following the slope of the land, terminated in 
the North Sea as drift ice, and, on the other side, descended into the 
basin of the Baltic, as the first Baltie glacier. It is well known that 
the sculpture of the Scandinavian peninsula and of Finland has 
been accomplished almost entirely during the Tertiary period, ata time of 
a much higher level of those countries. The ice, which afterwards repeat- 
edliy passed over these parts, removed principally only the loose 
material, smoothing the surface. Thus the jirst ice-sheet found all 
the superfieial deposits, accumulated on the rocky land-surface in the 
preceding long period of erosion, both on that highland and in the 
basin of the Baltic with its other environments. 
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Doubitless, already in the first glacial period, a transport of stones, 
on a large scale and over considerable distances from the solid rocks, 
has taken place, to the North Sea and especially in the basin of the 
Baltic. The earliest Baltic glacier has been traced as far as Schleswig. 
When at the later, much more eonsiderable aceumulation of ice, the 
North Sea also was filled up with inland ice '),it may be reasonably 
inferred that the British portion of it has carried along with it the 
erratics which at that earlier glacial epoch dropped from the drift-ice 
to the bottom of the sea. - 

In this manner we account for the finding of erraties of Scandi- 
navian origin on the coast of East-Anglia. They are however 
not so plentiful in those parts as Dr. JonkEr supposes. Among 
thousands of stones of British origin, occasionally one Scandinavian 
stone is met with. I believe that indeed not a single geologist in 
England is of opinion that the Scandinavian inland ice ever reached 
the shores of Britain. 

Undoubtedly the inland ice of that second or great glacial epoch, 
which brought to our country the Northern diluvium, largely swept 
up and transported the morainie debris deposited in the basin of the 
Baltie, especially in its Western parts, during the preceding glaeial 
epoch. A large percentage, perhaps even the majority, of the erraties 
thus again taken up and carried much further by the ice, must origi- 
nally have come from a direction entirely different from that which 
would answer to the glacial flow, by which they were then carried 
along. Consequently, the presence of numerous stones of Baltie origin 
in the bottom-möraine at the town of Groningen and in its neigh- 
bourhood, is no reason why we should assume that the course of 
the glacial flow has been from the Northern and Eastern parts of 
the Baltie towards Groningen. 

The abundance of flints in our Northern diluvium and the direction 
of the glacial striae in the southern parts of Sweden, indicated on 
the well-known map of NATHoRsT, rather suggest a more westerly 
origin. Moreover it appears questionable if on more extensive study ofour 
erratics — those found in the bottom-moraine of Texel and Wieringen 
have been almost entirely neglected — the Baltie character of those 
stones found in tke Diluvium of the northern parts of our country 
can be maintained. Considering the great local differences existing in 
the composition of the ground-moraines the erraties of such a small 
spot as the Hondsrug in Groningen, prove but little. 

I may here be allowed to mention a few other facts distinetly 


!) There are good reasons for not admitting here pack-ice, as does the well- 
known American geologist SaLıssurY. 
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supporting the conception that the coalescence in the North Sea of the 
Northern ice-stream with another coming from Britain, may have 
caused a deflection in_ its course over the northern parts of our 
country, and changed its direction into one from North-West to South- 
East. Owing to this meeting of Scandinavian and British glacial flows, 
an enormous ice mass filled up the North Sea, in connection with the 
ice-sheet extending over Holland, North Germany and the British 
islands, the edge of which, as a high wall, faced the South. Accord- 
ing to KLOoCKMANN, WAHNSCHAFFE, RuToT and others, between this 
wall of ice and the mountains of Middle Germany, Belgium, France 
and the southern parts of England, the melting water rose several 
hundreds of meters high, and in this water the deposition of the löss 
took place. With regard to our country, I entirely agree with this 
view. The structure of the löss in the South of Limbourg deeidedly 
shows, in several places, its origin as a sediment deposited by 
very slowly running water containing a large amount of drift- 
ice, an opinion formerly advocated by Dr. A. Erexs. In several loca- 
lities of the Limbourg chalk-plateau (in the adjacent parts of Belgium 
even as high as 300 M. above sea-level) erratics of Southern origin 
are found in or were excavated from the löss, especially veined 
quartzites from the Ardennes, sometimes measuring 2 M. and even more. 

If thus we have to admit such an extensive and powerful ice-sheet 
with considerable accumulation in the North Sea, — and at the same 
time infer from the direction of the glacial striae on the rocky sub- 
soil in North Germany, that one and the same glacial flow, owing 
to local conditions, has taken at the same or contingent points very 
different directions, deflecting even more than 90°, — I do not consi- 
der it impossible that in its course over the Hondsrug, and in general 
over the northern parts of our country, the direction of the glacial 
flow may have deviated entirely from that of the flow passing 
over the North of Germany. 

Taking into consideration the still very limited knowledge we possess 
of our erralics, and in view ofthe arguments in favour of a secondary 
transport of perhaps the greater part of these stones, I consider the 
suppositions which I advanced before, and which I have now somewhat 
more developed, as to a possible modification of the direction of motion 
of the Northern ice-sheet over our country, not only warranted but 
necessary as a working-hypothesis for further investigation. I doubt 
whether Dr. Jonker himself will now still adhere to his belief that, 
“in case this conception is the right one a great number of researches 
into our ““Scandinavian diluvinm’”” would become doubtful and 
it would be advisable at once to begin a revision”. That Diluvium 
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will in every case remain Scandinavian, or rather Northern. At the 
same time I would recommend a closer study of the Diluvium in 
Texel and Wieringen, in order to ascertain, whether it contains 
erratics, the origin of which may be traced to other parts than 
of those which are found in the eastern parts of our country. 
What I consider to be very “doubtful” indeed, is the right to 
trace the direction which the Northern glacial flow is supposed to 
have taken, solely from the examination of erratics, found at such a 
large distance from the rocks of their origin. In reference to this 
matter, I would strongly recommend “revision” and would especially 
suggest a wider field of investigation than the Hondsrug in Groningen. 


Mathematics. —- “Huvezns’ sympathie clocks and related phenomena 
in connection with the principal and the compound oscillations 
presenting themselves when two pendulums are suspended. to 
a mechanism with one degree of freedom.” By Prof. D. J. 
KoRTEWEG. 


(Communicated in the meeting of October 28, 1905). 


Introduction. 


1. When in February 1665 Cnrıstıaan HuysEens was obliged to 
keep his room for some days on account of a slight indisposition he 
remarked that two clocks made recently by him, and placed at a 
distance of one or two feet, had so exactly the same rate that every 
time when one pendulum moved farthest to the left the other deviated 
at that very moment farthest to the right‘). Yet when the clocks 
were removed from each other one of them proved to gain daily 
five seconds upon the other. 

At first Huverns ascribed this “sympathy” to the influence of the 
motion of the air called forth by their pendulums; but he soon 
discovered the real cause — the slight movability of the two chairs 


) „Ge qu'ayant fort admire quelque temps”; he writes: „j’ay enfin trouv& 
„que cela arrivoit par une espöce de sympathie: en sorte que faisant batlre les 
„pendules par des coups entremeslez; j’ay trouv& que dans une demieheure de 
„temps, elles se remettoient tousiours a la consonance, et la gardoient par apres 
„constamment, aussi longtemps que je les laissois aller. Je les ay ensuite eloignees 
„une de l’autre, en pendant l’une a un bout de la chambre et l’autre & quinze 
„pieds de la: et alors jay vu qu’en un jour il y avoit 5 secondes de difference 
„et que par consequent leur accord n’estoit venu auparavant, que de quelque 
„sympathie”. Journal des Scavans du Lundy 16 Mars 1665. Oeuvres de CuRistiaan 
Huyezns, Tome V. p. 244. 
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over the backs of which rails had been placed with the elocks 
suspended to them !). 


) „Jay ainsi trouve que la cause de la sympathie.. . ne provient pas du 
„mouvement de l’air mais du petit branslement, du quel estant tout a fait insen- 
„sible je ne m’estois par apperceu alors. Vous scaurez done que nos 2 horologes 
„chacune attach6ee a un baston de 3 pouces en quarr6, et long de 4 pieds estoient 
„appuiees sur les 2 mesmes chaises, distantes de 3 pieds. Ce qu’estant, et les 
„chaises estant capables du moindre mouvement, je demonstre que necessairement 
„les pendules doivent arriver bientost a la consonance et ne s’en deparlir apres, 
„et que les coups doivent aller en se rencontrant et non pas paralleles, comme 
„experience desia l’avoit fait veoir. Estant venu a la dite consonance les chaises 
„ne se meuvent plus mais empeschent seulement les horologes de s’&carter par ce 
„qu’aussi tost qu’ils tachent a le faire ce petit mouvement les remet comme au- 
„paravant”. Leiter to Moray of March 6th 1665. Oeuvres, T. V. p. 256. 

Compare Journal des Sgavans du Lundy 25 Mars 1665, Euvres T.V.p. 301, 
note (4), where Huyerns withdraws his first explanation to replace it by the 
correct one and likewise his *Horologium Oscillatorium’”’ where his experiments 
and his explanation are developed on one of the last pages of “Pars prima”. 

A somewhat more detailed account of those observations is moreover found 
j in one of his manuscripts, from which we 
derive the diagrams found here and the expla- 
nätion Huysens deemed he could give of the 
phenomenon : 

„Utrique horojogio pro fulcro erant sedes duae 
„quarum exiguus ac plane invisibilis motus pen- 
„dulorum agitatione exitatus sympathiae praedictae 
„causa fuit, coegitque illa ut adversis ietibus sem- 
„per consonarent. Unumquodque enim pendulum 
„tunc cum per cathetum transit maxima vi fulera 
„secum trahit, unde si pendulum B sit n BD 
„eatheto cum A tanium est in AC, moveatur 


U .. 
! „autem B sinistram versus et A dextram versus, 
ö „punctum suspensionis A sinistram versus im- 
DCEG EDK „pellitur, unde acceleratur vibratio penduli A. Et 


„rursus BD transit ad BE quando A est in catheto 
„AF, unde iunc dextrorsum impellitur suspensio B, ideoque retardatur vibratio 
„penduli B. Rursus B pervenit ad cathetum BD quando A est in AG, unde 
„dextrersum trahitur suspensio A, ideoque acceleratur vibratio penduli A. Rursus 
„B est in BK, quando A rediit ad cathetum AF, unde sinistrorsum trahitur sus- 
„pensio B, ac proinde retardatur vibratio penduli B. Atque ita cum retardetur 
„semmper vibratio penduli B, acceleretur autem A, necesse est ut brevi adversis iclibus 
„eonsonent, hoc est ut simul ferantur A dextrorsum et B sinistrorsum, et contra. 
„Neque tunc ab ea consonantio recedere possunt quia conlinuo eadem de causa 
„eodum rediguntur. Et tune quidem absque ullo fere motu manere fulcro mani- 
„festum est, sed si turbari vel minimum ineipiat concordia, tunc minimo motu ful- 
„erorum restituitur, qui quidem motus sensibus percipi nequit, ideoque errori 
„causam dedisse mirandum non est”. 
We give this explanalion for what it is. Huyeens, who never published it, will 
probably himself, at all events later on, not have been entirely satisfied by it. 
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2. Although Huyerns’ observations were published in the Journal 
des Scavans of 1665, and are moreover mentioned in his “Horologium 
oseillatorium”, they seem to have been forgotten when in 1739 
correlated phenomena were discovered by Joun Eruicorr '). What he 
observed at first was this: of two clocks N’. 1 and N’. 2 placed in 
such a way that their backs rested against the same rail *), one, always 
N’. 2, took over the motion of the other, so that after a time N’.1 
_stopped even if at first N’. 2 had been in rest and N’. 1 exelusively 
was set in motion. Later on he found that the mutual influence was 
greatly increased by connecting the backs of the clocks by a piece 
of wood’). He also made both clocks go on indefinitely by giving 
their pendulums tlıe greatest possible motion, when alternately they 
took over a part of the motion from each other, according to a period 
becoming longer as the clocks being placed without connection with 
each other had a more equal rate ‘). At the same time he observed 
that both elocks when connected with each other in the way described 
above assumed a perfectly equal rate lying between those which 
they had each separately. 


3. Since then different mechanisms where suchlike phenomena 


Indeed, it is nothing but the frietion which can finally cause that of the three 
possible principal oscillations ‘only one remains. Every explanation in which frietion 
does not play a part must thus from the outset be regarded as insufficient. 

1) Phil. Trans. Vol. 51, p. 126—128: “An Account of the Influence which two 
“Pendulum Clocks were observed to have upon each other,” p. 128-135: 
“Further Observations and Experiments concerning the two Clocks above mentioned.” 

2) “The two Clocks were in separate Cases, and... the Backs of them rested 
“against the same Rail.” 

3) “I put Wedges under the Bottoms of both the Cases, to prevent their bearing 
“against the Rail; and stuck a Piece of Wood between them, just tight enough 
“to support its own Weight.” 

4) “Finding them to act thus mutually and alternately upon each other, I set 
“them both a going a second time, and made the Pendulums: describe as large 
“Arches as the Cases would permit. During this Experiment, as in the former, I 
“sometimes found the one, and at other times the contrary Pendulum to make the 
“largest Vibrations, But as they had so large a Quantity of Motion given them 
“at first, neither of them lost so much during the period it was acted upon by 
“the other as to have its Work stopped, but both continued going for several 
“Days without varying one Second from each other” ... “Upon altering the Lengths 
“of the Pendulums, I found the Period in which their Motions increased and 
“decreased, by their mutual Action upon each other, was changed; and would be 
“prolonged as the Pendulums came nearer to an Equality, which from the Nature 
“of the Action it was reasonable to expect it would.” Later on we shall see that 
there was probably an error in these observations. The continual transmissions 
of energy and the perfectly equal rate of Ihe clocks exclude each other to my 
opinion. 
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of sympathy may appear have been investigated theoretically and experi- 
mentally; among others by EuLer ') the case of two scales of a balance 
of which Danıen BernouLLı?) had observed that they in turns took over 
each other’s oscillations; by Poıssox°), by Savart‘) and by RisaL®) 
the case of two pendulums fastened with Poısson to the extremities 
of a horizontal elastie rod, or with Savarrt and R£sar, to the horizontal 
arms of a 'J-shaped elastie spring; by W. Dumas’) the case of a 
pendulum, beating seconds, with movable horizontal cross rails, on 
which other pendulums were hung; by Lucien DE LA RıvE’) and 
Everett ?) the case of two pendulums joined by an elastie string; 
whilst finally CrtLL£rıer, FURTWÄNGLER and others developed the theory 
of the motion of two pendulums of about equal length of pendulum, 
placed on a common elastie stand, in order to determine experimen- 
tally, and to take into account in this way the influence exereised 
by the small motions of such a stand on the period of the oseillations °). 

However, we see that tlıe more recent investigations, with the 
exception of the work of W. Dumas, who does not purposely mention 
the phenomena of sympathy, relate to mechanisms where elastieity 
plays a part; whilst it seems probable that this was not the case 
or at least in only a slight degree in the experiments of HuysEns 
and ELLIcoTT. 


1) Novi commentarü Ac. Sc. Imp. Petropolitanae, T. 19, 1774, p. 325—339. 
Rourn, Dynamics of a system of riyid bodies, Advanced part, Chapt.Il, Art. 94, 
giving the right solution, has justly pointed out an error in Euzer’s solution and 
likewise in the one signed D. G. S. appearing in The Cambridge math. Journ. of 
May 1840, Vol. 2, p. 120—128. Eurer’s treatment of the phenomenon of the trans- 
mission of energy is also defective, as he does not lay stress upon the necessity 
of the two almost equal periods, in this case of his quadratic equation admitting 
a root nearly equal to the length of the mathematical pendulum by which he 
replaces the scales. 

2) Nov. Comm. 1.c. preceding note, p. 281. 

3) Oonnaissance des tems pour l’an 1833, Additions, p. 3—40. Theoretical. 
This memoir was indicated to me after the publication of the Dutch version of 
this paper. 

s) D’Institut, 1° Section, 7° Annee, 1839, p. 462—464. Experimental. 

5) Compt. Rend. T. 76, 1873, p. 75—76; Ann. Ec. Norm. (2), II, p. 455—460, 
Theoretical. 

6) “Ueber Schwingungen verbundener Pendel”, Festschrift zur dritten Säcular- 
feier des Berlinischen Fymnasiums zum grauen Kloster. Berlin, Weınmann’sche 
Buchhandlung. 1874. The investigations themselves are according to this paper 
from the year 1867. Theoretical and experimental. 

7) Compt. Rend. T. 118, 1894, p. 401—404; 522—525; Journ. de phys. (3), 
II, p. 537—565. Experimental and theoretical. 

8) Phil. Mag. Vol. 46, 1898, p. 236—238. Theoretical. 

9) See for this the Eneyclopädie der mathematischen Wissenschaften, Leipzig, 
Teubner, Band IV, Ir, Heft 1, $ 7, p. 20—22. 
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So it seemed worth while looking at the question from another side, and 
studying the behaviour of a very generally chosen mechanism ’) with 
one degree of freedom, and with two compound pendulums attached 
to it; noting partieularly the case that both pendulums have about 
equal periods of oseillation, whilst at the same time for the applica- 
tion of the phenomena of sympathy of clocks the intluence of the 
motive works will have to be paid attention to. 

Moreover it is worth notieing that the results obtained in this way 
will also be applicable to the case that the connection between the 
two pendulums is brought about by means of an elastic mechanism, 
every time when practically speaking only one of the infinite number 
of manners of motion is operating which such a mechanism can 
have. Such a manner of motion will have a definite time of oseilla- 
tion for itself, which will play the same part in the results as if it 
belonged to a non-elastic mechanism with one degree of freedom. 


Deduction of the equations of motion. 


4. Let 5 represent for any point of the mechanism with one 
degree of freedom, to be named in future the “frame”, the linear 
displacement out of the position of equilibrium common to frame and 
pendulums; let 5”) be its maximum value for a definite oscillation to 
be regarded as equal on both sides for small oscillations ; let 5, and 
&, be its values for the suspension points O, and O, of the pendulums; 
let M be the mass of the frame; let m, and m, be that of the 
pendulums; a, an a, the radii of gyration of the pendulums about 
their suspension points; g, and %, their angles of deviation from 
the vertical position of equilibrium; x,,y, and «,, y, the horizontal and 
the vertical coordinates of O, and of O,, h the vertical coordinate of 
the centre of gravity of the frame; taking all these vertical coordinates 
opposite to the direction of gravitation. 

So we begin by introdueing for the frame a suitable general coor- 
dinate v, for which we choose the quantity determined by the relation 


ie — (Fin, . et 


where the integration extends to all the moving parts of the frame; 
this quantity might therefore be called the mean displacement of 
the particles of the frame. 


1) We assume with respect to this mechanism no other restrietion than that the 
motions of each of its material parts just as those of the two pendulums take 
place in mutually parallel vertical planes, i.o.w. we restrict ourselves to a problem 
in two dimensions. 
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For small oseillations of the frame we can put: u=num), SCH 
where n is a function of time, but the same for all the points of 
the frame. 

So we have for such vibrations : 


Mu® = M (num)? — ah (n5m)? dm — il & dm ; 


so that 4Mu° proves to represent the vis viva of the frame. 

For the vis viva of the first pendulum we find, if k, denotes the 
distance between its suspension point O, and its centre of gravity, 
and if 9, is reckoned (like 9,) in such a way that a positive value 
of Y, increases the horizontal coordinate of the centre of gravity : 


3 [m, 5: + 2m, k, en Yı +m,a’9,]= 
Ik a8, = 2 dv, 2 2.2 
Zn rm) Be a u ee u Pi Pa 
i du du 
therefore for the entire vis viva of the whole system: 
d ae . - 
r=4| 14m (2 ) \e+mars Hm + 
u u 


j+ ” (z 


de, == re 
tmkh up tm ke up,; 2) 


and further for the potential energy ') 


d’h d? d? 
vol tm I mob Himaks. ©) 


ı du? ® du 


5. To simplify further we introduce the new variable w’ determined by: 


Mu = ar+ m; & +m, 5 = Mr tm tm; (4) 


where 


= Woran tele mg are Asa) Wr) 

<a the entire mass of the whole system; this variable «' 
ds, 
du ’ 


indeed all such derivatives appearing in the formulae, may be regarded 
as constant. 


U) Indeed that potential energy amounts to Mgh + mı9Yyı + MagYa © Mıgkı 608 91 — 
— Mg gkz 608 ?, + a constant. By developing Be to u, taking note that on 


dh 2 
account of the equilibrium M En +m ze Hm 2: er equal to O and by proper 


choice of constant, we can easily er et it. 


#2) 
Out of this proportonality follows easily : 


2 EV r Y:T- & r- = 
wr-|u+- (7) - 2) Pe tms - @) 


which proves that 1 M’w” represents ihe vis viva of what we shall 
call ihe reduced system, which system consisis of ihe frame and ofihe 
masses of the pendulums each transferred io ihe correspondins 
suspension point (0), or O.. 

If now Kerne vn Se the vertieal coordinate X ofthe centre 
ef zravity of the reduced system, so that UF Mm ytm,y 


3 
the first ierm of (3) transforms itself into IM ei, for which, 


So for ihe reduced system it holds that "—ı1M' =" and T— 
e IR 


„ =”: now we write for this system ihe equations of motion, 


a Be ee 
is synehrone io this system *) we shall easily find: | 
er —ı 
ee en 


Thus we finally may write for (2) and @): 


ä { dr, - 
Tine," a ar ur a et [FRE 
Felsirg- +HimsEg’timsche:. . . 9 
Application of the equations of Laszaxez and substitution of the 
expressions : 2 
Be "ayz 8; =mylt zn t.. (9) 
leads further easily = the a 


a a en m > an 


de, im) a,” ) 
Z—y=® n — U FE 
du’ E ” 

dz, m) a,” 
—a ET 9: 

de ur )2= 0. e- 


a ee 
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where z, and #, denote the maximum deviations of the pendulums 
and 3 the length of the pendulum gynehrone 10 one of the prineipal 
vibrations, 


6, In order to put these equations still more simply, we 
+ » a,” 4,” 

first introduce the lengths of pendulum 1, mn and =; ofthe 
A 4 
1 2 


two suspended pendulums, secondly the maximum deviations in hori- 
zontal direetion of their suspension points: 


(m) dı f, Im da Y 
(m) "ı im) m) ug (m) 
 =— and, = —u", 

u, dw, 


It is then easy to find the following system of equations equivalent 
to the equations (11), (12) and (13), namely: 
F0)=(ll-3) (ll, —3) (,—) — ee?! L(,) — eV, (W-)=0; (14) 
m) (m) 
&,‘ ) Di ah 2 
hl ' TI, 


N N 


A 


where : | 
m, k, Ah = m, k, FA 


FT Fr 07 De a 


(16) 


We must notice here that c, and c, are numerical coefficients, 
tlıe first of which depends only on the first pendulum and its 
manner of suspension, the second on Ihe second pendulum. 

Taking note of the signifieation of wW and &,, and observing that 


. ’ ) (m) 
for instance 5,” u" —8&,:w on account of the supposed small- 


ness of the vibrations, we can write for the above after some redueing: 


m,&, ; k, m, 5, 


2 — 
— C, — 


2 
6 = 


e (m 
m, 5’ +m,5,’+|5dm ° 


EI RREN f am 


holding at any moment of the oscillation, where 5 denotes the hori- 
zontal, $ the linear deviation out of the position of equilibrium of 
an arbitrary point of the frame, and where the indices relate to the 
suspension points O, and O,, whilst the integrations must be extended 
over the whole frame. 

If we finally remark that the relation between every $ and every 
& is the same as that of the fluxions, we can give the significa- 
tion of ce,’ and ce,’ also in the following words: 

c,? is equal to the proportion, remaining constant during te motion, 
beiween on one side the wis viva of the horizontal motion of the 
suspension point O, in which ihe mass of the first pendulum is con- 
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centrated and on the other side the entire vis viva of the reduced 
system multiplied by the distance between suspension point and 
centre of gravity of the first pendulum and divided by its length of 
pendulum ; and in the same war Cy”. 


Discussion of the general case. 


7. Passing to the discussion of equation (14) we notice that 
in the supposition I, >, we have: F(+ m») neg.; F(l,) pos;; F(l,) 
neg.; F(O)—=T!Ll,(1—e,’— c,’), and therefore with reference to 
(17) where k,:l, and A,:l,<1, F(0) always positive. 

So there are three prineipal oseillations. The slowest, which we 
shall call the slow principal one has a synchrone length of pendulum 
greater than the greatest length of pendulum of both suspended 
pendulums; of the intermediate principal one the length of pendulum lies 
between that of these two pendulums; of the rapid principal one it 
is shorter than the shorter of the two‘). Further we can note that 
when ?>1,>[I, the length of pendulum of the slow prineipal 
one is greater than / and that for /, >1,>7 the rapid principal 
one has a smaller length of pendulum than /. 

The following graphie representation gives these results ?) for the 
case / >1, > [1,, practically the most important. 


) This is the case for /' positive and this proves that when the reduced system 
is stable, this must also be the case for the original system with the two suspended 
pendulums. If 7 is infinite, thus the reduced system at first approximation in 
indifferent equilibrium, then the slow principal oscillation has vanıshed or rather 
has passed into an at first approximation uniform motion of the entire system, which 
would soorı be extinguished by the friction. The two other principal ones remain 
and their lengths of pendulum are found out of the quadratie equation: 

(—R) (BR) — ah (kr) — ala) =0. 

For !' negative F'(0) becomes negative too, but F(— ») positive, so then always 
one of the principal lengths of pendulum is negative. From this ensues that when 
the reduced system is unstable, this.is also the case for the original one. 

2) Of course these results are in perfect harmony with and partly reducible from the 
well-known theorem according to which when removing one or more degrees of 
freedom by the introduction of new connections the new periods must lie between tlıe 
former ones. To show this we can 1. fix the frame, 2. bring about two connections 
in such a way that the pendulums are compelled to make a translation in a vertical 
direction when the frame is moved. In the latter case it is easy to see that the 
time of oseillation of the reduced system must appear. 

For the rest these same results are found back in the main, extended in a way easy 
to understand for more than two suspended pendulums, in the work of W. Dumas, 
quoted in note 6, page 439 which I did not get until I had finished my investi- 
gations. By him also the length of pendulum of the reduced system is introduced. 
However, he has not taken so general as we have done the mechanism of one 
degree of freedom, on which the pendulums were suspended. 
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Fig. 2. 8. With respect to the manner of oseillating 
A of the two suspended pendulums we shall 
call it the antiparallel mode when the simul- 
taneous greatest deviations are on different 
rapid principal sides as was the case in the observations of 
oscillation Huysens, in the reverse case we shall call it 
rapid pendulum , the parallel mode. 

It is easy to see then from (15) that the follow- 
ing three possible combinations will always 
interm. prineipal appear, namely: for one ofthe three principal 
oscillation oseillations the mode of oseillating of the pendu- 
lums is the antiparallel one, for the two other 
ones the parallel one, but in such a way 
that for a definite greatest deviation of the 
pendulums in a given sense the frame takes 
for each of these two other prineipal oscilla- 

tions an opposite extreme position !). 

If thus for instance 5, m) and $,®) have 
equal signs as was certainly the case in the 
mechanism used by Huyczns (see fig. 1a) 
slow principal and also in that of ErLicorT, the antiparallel 

a mode of oscillation observed by Huysens 


belongs to the intermediate principal one. 


slow pendulum Z, 


reduced system 


9. For the application to the behaviour of two clocks connected 
in the manner described we first consider /, and /, as very different 
from each other, and that neither c, nor c, is small. In that case 
it is evident from the values of (2) and Fl,) differing greatly 
from naught that neither of the principal lengths of pendulum nearly 
corresponds to /, or l,; however from (15) then ensues that the 
oscillations of the frame are of the same order as those of the pen- 
dulums at every possible mode of oscillating. 

Now it is of course not at all impossible that the principal oseillations 
or certain combinations of them once set moving, might remain sustained 
by the action of one or of both motive works under favourable 
circumstances with sufficiently powerful works and when means have 


1) Dumas has: „dass, wenn.... die Aufhängepunkte der Nebenpendel tiefer als 
„die Drehüungsaxe des Hauptpendels liegen, alle Nebenpendel von kürzerer als der 
„zu erzielenden [prineipalen] Schwingungsdauer in gleichen Sinne mit dem Haupt- 
. „pendel Schwingen müssen, alle anderen im entgegengesetzen Sinne”. This too 

follows immediately from the formulae (15) which, indeed, correspond essentially 


to those of Dumas. 
31* 
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been taken to decrease suffieiently the frietions in the frame. However 
in such a case the behaviour of the two elocks would differ greatly from 
what was observed concerning the phenomena of sympathy; and in 
the more probable supposition that the motive works will prove to 
be unable to sustain a considerable motion of the frame, which 
motion would absorb a great part of the energy, each of the prineipal 
oseillations as well as each combination of them will after a certain 
time have to come to & stop. 

So we shall leave this general case, and pass to the discussion of 
three special cases, which are more important for the consideration 
of the phenomena of sympatly, namely A the case that /, and /, 
differ rather much, but where c, and c, are small numbers, B the 
case, that /, and /, differ but little, but c, and c, are not small, 
C the case where /, and /,. differ but little and ce, and c, are 
both very small. In all these discussions we shall suppose !' >, >1, 
and /' differing considerably from /, and /,. The treatment of other 
special cases, e.g. c, small but c, not, will not furnish any more 
diffieulties if such a mechanism were to present itself’). 


A. Discussion of the case that I, and I, differ rather much. but 
where c, and c, are small’). 


In this case F(?’), F(l) and F(l,) are all very small, from 
which is evident that each of the three roots of equation (14) is 
elosely corresponding to one of these three quantities, so that the 
graphic representation of Fig. 2 looks as is indicated in Fig. 3. 

From this tben ensues according to (15) that for the rapid prineipal 
oscillation the oscillations of the rapid pendulum are much wider 
than of the slow one °), and that for the intermediate principal oseillation 


!) Also the case !=m differs in nothing, as far as the results are concerned, 
from the cases treated here but by the vanishing of the slow principal oseillation. 

2) The smallness of each of these coefficients may according to (16) be due to 
three different causes, namely 1. to the smallness of %ı:Z, which will not easily 
appear in clocks, 2. to the fact that the masses of the pendulums are small 
with respect to Ihat of the frame, 3. to the fact that the pendulums are suspended 
to points of the frame whose horizontal motion is a slight one compared to that 
of other points of that frame. It is remarkable that this difference of cause has 
hardly any influence on the considerations following here, and therefore on the 
phenomera which will present themselves. 

3) Then still when in (15) Ei”) might prove to be very small compared to Em) ; 
for as a first approximation for ,—r we find: &?7l;: ("’—1,), and therefore 9 
— HM (1) (w\m)%mg kg 850”). So the motion ofthe frame determined by u’) is slight 
compared to tlıat of the rapid pendulum and consequently x, is small compared to «3. 
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Fig. 3. the opposite is the case. For the slow prin- 

A cipal oscillation the oscillations of both pen- 

dulums are either of the same order as those 
..of the frame or smaller still; the latter is 
the case when the third cause mentioned in 

rapid prineipal osc. Note 2 of page 446 is at work. 
rapid pendulum %  Suppose now a’, x, and x, to be small oseilla- 
tions belonging respectively to each of the 
three types of the prineipal oseillations, namely 
the slow one, the intermediate one and the rapid 
one, each having the same small quantity 
interm. principal osc. Of total energy e=T7-+ V; then every 
slow pendulum 4  compound oseillation can be represented by 
o=K'n+K,n,+K,r, and its total energy will 

be equal t (X? + K’+K?)e 
Let us then start from an arbitrary com- 
pound oseillation for which X, K, and X, 
reduced system have moderate and . mutually comparable 
«slow principal osc. jues; it is then clear that the motion of 
one clock, namely the one with the rapid 
pendulum will be dependent almost exelusively on the rapid prin- 
eipal oseillation, that of the other clock on the intermediate one. 
It is true, that slight periodical deviations in the amplitudes will 
present themselves, which are due to the {wo other prineipal oscil- 
lations, but these can have no influence of any importance on the 
periods according to which the motive works regulate their action; 
so that therefore one of the motive works will be able to contribute 
to the sustenance of the motion K,,, the other to the motion X,r,, 
but neither of them to the sustenance of the motion K'r'. So this 

will vanish first. 

What takes place furthermore will depend on the power of the 
motive works, and on the frietions presenting themselves during 
the motion of the frame. If those powers are great enough to 
conquer the frietions when the pendulums deviate sufficiently to keep 
the motive works in movement, a motion X, m, + X, x, will remain, 
where the values of X, and X,, thus also of their proportion, will finally 
depend exclusively on the power of those motive works and on the 
frietions. A theorem the proof of wlıiich we shall put off to $14, to 
be able to give it at once for all cases, shows that in general such 
a motion can be sustained rather easily; it is the theorem that for 
prineipal oscillations whose A differs but slightly from Z, or /, whatever 
may be the cause, the kinetic energy of the motion of the frame 
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will be small compared to that of the corresponding pendulum. For 
such a motion X,®,+ K,, remaining in the end, the two clocks 
will each have their own rate‘) whilst however slight periodie 
variations in their amplitudes are noticed, caused by the cooperation 
of the two remaining prineipal oseillations whose periods differ con- 
siderably if /, and /, are sufficiently unequal. 


11. Let us now however suppose that /, and /,, differing at first 
considerably, are made ‘to correspond more and more, for instance 
by displacement of the pendulum weights. The chief consequence will 
have to be that, according to equation (15), the amplitudes of both 
pendulums will become more and more comparable to each other, 
for Ka, as well as for K,r,, in consequence of which to obtain 
their motion for the compound oscillation A,r, + ÄK,r, we shall 
finally have to compose for each of them two oscillations with com- 
parable amplitudes, and whose periods of oseillation differ but slightly. 
As is known this leads for both pendulums alternately, to periods 
of relatively greater and smaller activity, 1.0. w. to the phenomenon 
of transference of energy of motion from one pendulum to another 
and back again; the period in which this alternation of activity 
takes place will be the longer according as /, and /, differ 
less ®). 

Now however a suchlike behaviour of the two pendulums accord- 
ing as it gets more and more upon the foreground when /, and /, 
approach each other, becomes less and less compatible with the regular 
action of the two clockworks. For, during the period of smaller activity 
of one of the pendulums the motive work corresponding to it will 
finally, when the remaining activity has become much smaller than 
the normal, come to a stop. Then one of the two will take place: 
either the prineipal oseillation which is sustained partieularly by this 
work is powerful enough to keep on till the period of greater acti- 
vity has been entered upon, and this will be deferred the longer 
according as /, and /, differ less, or it is not so. In the first case 
the clock can keep going with alternate periods in which it ticks and 
in which it does not tick, which phenomenon may of course present 


!) Both rates however a little more rapid than for independent position. 

?) These phenomena remind us of what Erricorr observed later on (see note (4) 
p. 438). However the correspondence is not complete, as in the case treated here 
both clocks retain their different rate, whilst Erticorr mentions emphatically that 
the two clocks did not differ a second for many days. We shall therefore have 
to again refer to these observations at case (. 
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itself in both clocks'). In the second case the elockwork stops 
entirely; the corresponding prineipal oscillation vanishes, and the 
pendulum performs only passively the slight motion which is its 
due in that prineipal oseillation, which can now be sustained indefi- 
nitely by the other motive work. 

This is the phenomenon remarked by Erxicort in his first expe- 
riment when the clock n° 2 regularly made n’ 1 stop. 

We have now gradually reached case C where c, and c, are small 
and where /, and /, differ but slightly ; this case demands, however, 
separate treatment, for which reason we shall discuss it later on. 


B. Discussion of the case that I, and I, difer but very little, 
but where c, and c, are not small). 


Before passing to the case (' we shall treat the simpler case now 
mentioned which will lead us to phenomena corresponding to those 
found by Hvyvsens. 

To this end we put ,=/,+ A, and substitute this in the eubie 
equation (14). Then by writing for one of the roots of that equation 
!, + d and by treating A and d as small quantities we shall easily 
find for the length of pendulum of the intermediate prineipal 
oscillation the value 

6,” 
+0 
from which is evident that this length of pendulum divides the 
distance between /, and /, in ratio of c,’:c,°. 

The two other roots satisfy approximately the quadratic equation: 


BE IE ER u 1 ol) 


Br Be ir Al 


1) This was really observed by Eruicorr (l.c. p. 132 and 133) for both clocks, 
however only temporarily, for at last the work of the first clock came entirely 
to a stop. Compare for the rest the experiment of Danıer Bernouru with the two 
scales mentioned in $ 3. 

2) If Z, is perfectly equal to 4,=][, then of course (14) has a root A=! for 
whose prineipal oscillation according to (15) the frame remains in rest. The remaining 
roots are found by means of the quadratic equation ("—A) (I—A)— (1 ?-+6) VI=0. 
One of them will nearly correspond to / if c, and & are both small fractions. All 
this in accordance with Rourn’s solution (l.c. note (1) page 439) which refers 
exclusively to this case and also to that of Eurer (barring what is remarked in 


that note). 
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Fig. 4. 
They correspond to the slow and the 
z rapid prineipal oscillation differing considera- 
bly in general in length of pendulum from 
and /,') and therefore by reason of (15) 
rapid prineipal® giving rise to oseillations of the frame which 
oscillation are of the same order of magnitude as those 
| of the pendulums. 
rapid pendulum Z, So unless special measures are taken with 
interm. princip. 0Sc. j ea f 
slow pendulum 4, respect to the decrease of the frietion of the 
frame, these “oscillations will have to stop, 
the more so as they are not sustained by 
the action of the motive works. 

So the only oscillation which will be able 
to continue for some time is the intermediate 
principal one whose length of pendulum is lying 
between /, and /,; entirely in accordance with 
the observations of Huygens ’) and also with 

a those of Eıuicörr described in note (4) p. 438 
when for the latter we overlook for a moment 


Br: the observed periodic transference of energy. 
slow princip. osc. 


©. Discussion of the case that I, and I, differ. but very little and 


that at the same time c, and c, are small numbers. 


13. The remarkable thing in this case is that now the remaining 
quadratic equation. (19) is also satisfied by a root differing but little 
from /,. So there are now two roots of the original cubie equation 
situated in the vieinity of /,, one found just now and expressed by (18) 
and the other which is likewise easily found by approximation and 
represented by the expression 


HREZAL 


E !—l 
2 


(20) 

This root is, at first approximation, independent f A=1 —[],; 
so when the lengths of the pendulums approach each other suffi- 
ciently, it is, though small, yet many times larger than A. These 


1) See the graphic representation of Fig. 4. 

?) See however note (3) p. 452; from which is evident that the case which 
really presented itself in Huysens’ experiments is probably not the one discussed 
here, but the more complicated case (. 
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Fig. 5. eonditions are represented by Fig. 5, where 
=S we have moreover to notice that the third 
root belonging to the slow principal oscillation 
differs but little from 7. 
We can now show that for the rapid prin- 
ceipal oscillation as well as for the intermediate 
vapid prineipal ose. One, although not in the same measure, the 
rapid pendulum „  OScillations of the frame remain small com- 
A oa 08°. pared with those of the pendulums. 
Generally this is already directly evident 
from the equations (15); this is however 
not the case when the pendulums are suspend- 
ed to points of the frame whose horizontal 
motion is an exceptionally slight one !). In 
that case we refer to the general theorem to 
be proved in the following paragraph, and 
from which what was assumed ensues im- 
veduced system mediately. 
low prineipal ose. Let us note before continuing that now 
for the rapid as well as for the intermediate 
prineipal oscillation the two pendulums possess amplitudes which 
are mutually of the same order of magnitude. 


14. The indicated theorem can be formulated as follows: when 
the length of pendulum of a prineipal oscillation approaches closely to 
of, then the vis vwa.of the reduced system, thus a fortiori of 
the frame alone, is continually small with respect to that of the pen- 


dulum corresponding to I, or |,. 
To prove this we compare in formula (2) the three terms: 


AM u®; m k, ce y, and Im, a,’ y,°. For the proportion of the 
U 
\ da, 2 . 
second to the third can be written 2 u :ZY,, or on account 


d Mm „(m 
of equation (10), 2 =, u a Nez 5, ir x, =2(2—1):1,. The 
U 4 


second is therefore, when A approaches /, closely, small with respect 
to the third, which can thus be regarded in such a case to represent 
at first approximation the vis viva of the first pendulum. 


1) That is to say, when the third cause mentioned in note (2) p. 446 has given 


rise to the smallness of cı and «. 
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For the proportion of the vis viva of the reduced system to that of 
the pendulum referred to we can write '): 
(m) 


2 2 


Ne ae a ee 2. 
M'uw* m, a’ =M wa "mo, x = 


UNE a (El Var 

If now c, is not small, as in case B, then we have in this manner 
already proved what was put. In case A we substitute 21, — d 
in the eubie equation (14) after which we find easily at first appro- 
ximation, c, being likewise small), d=1—)=e,?!l, :(—I,), by which 
what was put is likewise proved. 

In case ( finally, which occupies our attention at present, ensues 
from (20) for the rapid prineipal oseillation /, — 2 = (c,’+c,”) Il, :(—1,); 
from which is evident after substitution of /, and c, for /, and c,in 
(21) the correctness of the theorem also for this principal oscillation, 
hence a fortiort for the intermediate one; unless e, be small but yet 
much larger than c,, which restrietion does not exist for the inter- 
mediate principal oseillation. 


15. From these results must be inferred that in the case (under 
consideration the rapid principal oscillation as well as the intermediate 
one when once set in motion will each be able to maintain them- 
selves under the influence of the motive works, when the condi- 
tions of frietion in the frame are not too unfavourable. However, the 
intermediate prineipal oscillation will have, if the difference in rate 
between the two clocks was originally very slight, a considerable 
advantage on the rapid one, the motion of the frame being much 
slighter still in the former case than in the latter. And this will 
probably be the reason that in the experiments of Huyssns as well 
as in the later ones of Erzicorr evidently the intermediate principal 
oseillation exclusively *) or at least chiefly ‘) presented itself. 


1) According to (10), (15) and (16) taking at the same time note of the sig- 
nification of I), a, and Äı. = 

®) For c, small and c, not, the proof runs in the same way, although the 
expression for 3 becomes a little less simple. 

?) With Huverns. In his experiments the masses ofthe pendulums were certainly 
slight with respect to those of the frame, so that without doubt c, and c, were 
small and the case Ü was present. 

4) With Eruicort, where at least at first according to the observed transferences 
of energy also the rapid principal oscillation must have been present. Although 
Erzicorr used according to his statement very heavy pendulums, we have probably 
also the case CO with him. If we do not assume this then it is more difficult 
stil to make the perfectly equal rate of his clocks tally with the observed trans- 
ferences of energy. The presence of two prineipal oscillations evident from these 
would have been continued indefinitely in case B, so the clocks would have 
retained an unequal rate. 
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SAVART on the contrary has effected with the aid of his “T-shaped 
spring at whose ends almost equal pendulums were attached both 
prineipal oscillations '). - 

But besides these two prineipal oseillations which deviate in their 
periods of oseillation, and moreover by the eireumstance that the pendu- 
lums will move in a parallel mode for one and in an antiparallel 
mode for another, there is still a third manner of motion which 
must be able to continue indefinitely. 


16. To prove this let us again start from an arbitrary compound 
oscillationoe= K'n'’+ Km, + K,r,; then unless the frietion in the 
frame be extremely slight the oscillation X'’x' will soon disappear. 
When however in the remaining motion X, is much smaller than X,, 
it is clear that as the intermediate principal oseillation is then the chief 
one for‘ the motion of the two pendulums, the motive works 
of both clocks will regulate themselves according to it, so that they 
will not be able to contribute to the sustenance of the prineipal 
oseillation X,x, which will thus likewise have to die away, sothat 
finally only a pure oscillation K,x, will be left, for which both 
clocks will follow the rate of the intermediate principal oseillation. 

If on the contrary after the disappearance of the slow principal 
oscillation X, is much smaller than X,, it will have to be the inter- 
mediate principal oscillation, which dies away, whilst the rate of the 
clocks will finally regulate itself entirely according to the rapid one. 

But in the intermediate case, when the proportion of K, to X, lies 
within certain limits, also a manner of motion will be able to 
appear under favourable circumstances where both principal oseillations 
are sustained for indefinite time, whilst each of them will govern 
the behaviour of one of the two clocks; for from {he equations (15) 
it is easy to deduce that in general the proportion between the 
amplitudes x, and x, is different for both prineipal oscillations ?). 
Then the values of X, and X, and so also their proportion will in the 
long run be entirely governed by the power of the motive works, 


1) J.c. note (4) page 439. Savarr had however !"<4=%; therefore with him 
it is the slow prineipal oseillation which plays the part given here in the supposition 
!">1,>1 to the rapid one. 

2) By substitution of the value (18) for A we find for the intermediate principal 
oscillation #1: = 0172 Ei m): ca —2 8; m); whilst the substitution of (20) furnishes 
for the rapid principal oscillation 

(te, 2)E, ]1,W Te,’ +e,’)El, A (m) 
A N ee I Fr Ei 
l—l, I—Il, 


so for very small values of a we have for this one «1: x, = Em) : Eyfm), 


( 454 ) 


connected with the frietions presenting themselves, i.e. these values 
will be independent of the initial condition. At the same time the 
two elocks will show a different rate '), of which elocks one therefore 
will have to sustain the rapid prineipal oscillation, the other the 
intermediate one. Periodie transference of energy will then take place. 

Probably it will not be easy to realize this condition, character- 
izing itself particularly by the fact, that one of the clocks goes consi- 
derably faster than would be the case when placed independently °). 
The initial conditions will then have to be chosen in such a manner 
that from the very beginning one oscillation will predominate for one 
clock, the other for the other clock. And this will become all the 
more diffieult as c, and c, become more and more equal, therefore 
according as the two clocks become more and more alike and 
are suspended in a more symmetrie way. For, so much smaller 
will, according to what was mentioned in note (2) p. 453 be the 
differenee in proportion of the amplitudes x, and =, at each of the 
oscillations. °) 


17. Finally we wish to point out how we must represent to our- 


1) So this differs again from what Erricorr observed in his last experiments, 
so that these cannot be regarded as the realisation of this case, though they have 
the transferences of energy in common with it. However, between the fact of 
those transferences and the assurance that both clocks have entirely the same 
rate exists a contradiction, as we have already seen, which is not to be solved. 
Indeed, those transferences can be explained by interference only, so they require 
the cooperation of two oscillations of different periods; but these oscillations must 
both be sustained if the state is really to continue indefinitely, and then each 
of them by one ofthe motive works where the oscillation referred to will predominate 
the other one. See also the last note. 

To me it seems most probable that with Exzicorr the transferences of energy existed 
only at first indicating the femporary presence of the rapid principal oscillation. 
Erzicorr’s wording is not emphatically against this conviction. 


2) The difference from case A is of course only’quantitative. In both cases the clocks 
go faster than when placed independently, but in case O’the acceleration of the quickest 
clock becomes much greater than that of the less rapid one (see 813). A gradual 
transition presents itself then, and the case of Eruicorr was probably situated on 
that transition-line. 


3) The idea that perhaps each of the motive works might be able to take over 
one principal oscillation and the other in turns had to be set aside after a closer 
investigation. If we compose in the well-known graphical way two oscillations of 
unequal amplitudes and of periods of oscillation differing but little, it is evident 
that the motive work will go alternately somewhat quicker and somewhat slower 
than will correspond to the period of oscillation of the greatest amplitude, but this 


can never go so far {hat the rate of the smaller amplitude is take 
n over 
for a short time. Zu 
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selves the transition of case A into case C. In case A in which the 
rate of tue clocks differs greatly, the manner of motion which is most 
diffieult to realize in case C', namely the one, where the elocks have 
each their own rates, is the normal one. Yet the two other manners 
of motion also are possible, i.e. those where exelusively one of the 
prineipal oseillations appears ; however in these cases, the pendulum of 
the least active of the two clocks will still perform a slight oseillation 
though not sufficient to set its motive work in motion. 

If now starting from case A we reach case (), i.e. if the rate of 
the clocks is taken more and more equal, the state of motion with 
mutually different rate of the clocks becomes continually more diffi- 
eult to realize, finally perhaps impossible ; whilst for the two other 
possible manners of motion the pendulum of the second clock too 
keeps performing greater and greater deviations till these deviations 
are finally sufficient to set its motive work also in motion, so that 
both elocks go quite alike, either with the rate belonging to the rapid 
prineipal oscillation or, what is more easily realized, with that or 
the intermediate one. 


Chemistry. — “The diperent branches of the three-phase lines for 
solid, liquid, vapour in binary systems in which a compound 
occurs.” By Prof. H. W. Baknhuis Ro0ZEBooM. 


(Communicated in the Meeting of October 28, 1905) 


A chemical compound, formed from two components, need not to 
be regarded as a third component, when this compound is somewhat 
dissociated, at least when it passes into the liquid or gaseous state. 
Instead of the triple point we then get a series of triple points, tbe 
three-phase line, indicating the co-related values of temperature and 
pressure at which the compound can exist in presence of liquid and 
vapour of varying compositions ') This was advanced for the first 
time in 1885 by van DER Waars. The equation for that line was 
deduced by him ?) and shortly afterwards ®) applied by me in a few 
instances where it was always’ admitted that the vapour tension of 
the liquid mixtures gradually diminished from the side of the most 
volatile (A) towards that of the least volatile component (B). 

In the first considerations as to the course of the three-phase line 


1) There exist several other three-phase lines which are not considered here. 
2) Verslag Kon. Akad. 28 Febr. 1885. 
3) Rec. Tr. Chim. 5, 334 (1886) 
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and the parts which could be realised in different binary systems, 
the line was generally divided by me into two branches according 
as the coexisting liquid contained more A or more B than the 
compound. 


Fig.1 


P2 
c 


In figure 1 branch 1: CTRF represents liquids with more A and 
branch 2: FD liquids with more 2. 

At the commencement, special attention was called to the impor- 
tant fact that in the first branch a maximum pressure oceurs at 7 
where the heat of transformation of the tbree phases passes through 
zero. Less attention was paid to the fact that the maximum tempe- 
rature R does not completely coineide with the point F, where the 
composition of the liquid becomes the same as that of the compound, 
but is situated either on branch 1, if the compound expands when 
melting, or on branch 2 if the reverse is the case; this may be best 
understood if one remembers that the melting point line of the com- 
pound F’X meets the three-phase line in the point 7. Although indi- 
cated in the first publication of van DER WaAALs and in my more 
extended paper ') this point remained in the background hecause, 
practically, the difference in temperature between F and AR is very 
small. Afterwards ?), VAN DER Waars worked it out more carefully 
and only recently Smits °’) has fully considered the peculiarities of the 
p,x-figures between F" and RR, after these had become important 


l) Rec. 5, 339, 340, 356, 1886. 
2) Verslag Kon. Akad. April 1897, 
3) These Proc. June 1905. 
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from the point of view of the hidden equilibria which continuously 
connect with each other the lines of the liquids and vapours coexis- 
ting with the solid phase, 

In the systems which formerly came most to the front, the diffe- 
rence in volatility between the two components was so large — 
such as with water and salts — that on the whole three-phase line 
no vapour occurred which had the same composition as the compound. 

If however, the difference in volatility is less pronounced, a case 
may occur where the equality in composition between vapour and 
compound is attained somewhere. Van DER Waaus foresaw that pos- 
sibility in 1885, but not until 1897 did he point out how such a 
point, oceurring on the three-phase line below the point 7, indi- 
cates the maximum temperature at which the compound may still 
evaporate in its entirety, and how in that point the subliming line 
of the compound meets the three-phase. line. Such a point is indi- 
cated in fig. 1 by. @, the subliming line by GZ. 

It was, however, thought very desirable to elucidate the manner 
in which, in such a case, the equilibria solid-vapour, solid-liquid and 
liquid-vapour join each other on the three-phase line by a repre- 
sentation in which is also shown the change of the concentrations 
of liquid and vapour along the three-phase line of the compound 
with increasing temperature. 

Dr. Smits ') recently gave a representation of this by working out 
a connected series p , «-sections of a spacial figure, which in the case 
of a binary compound takes the place of my spacial figure, where 
only the components occur as solid phases. 

A good example may be found in STORTENBEKER’S ?) research on the 
system chlorine -+ iodine. There it is found that both the compounds 
JCl and JCl, yield at their melting point a vapour containing more 
Cl, but at a lower temperature they have a point on their three- 
phase line where the vapour becomes the same as the compound. 
STORTENBEKER had noticed this fact during his research, but had not 
followed the matter up. After I had completed in 1896 my », t, «- 
figure for binary mixtures, I also projected the spacial representation 
for this case, and I had then already come to the view, by graphical 
methods, that the point @ is’tle highest temperature at which a 
compound can exist near vapour of equal composition. 

BAncRoFT °), in congequence of van DER Waars’ publication, tried 
to elucidate the case of JÜl by a representation of partial pressures, 

1) These Proc. June 1905. 


2) Rec. Trav. Chim. 7. 183. 1888. 
3) Journ. Phys. Chemistry 3. 72. 189, 
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which appears to me less suitable, to survey the connection of the 
phase-equilibria. The representation now worked out by SMits (see 
his communieaiion fig. 4) is a p,z-projeetion of my own spacial 
figure with p,t,= as coordinates which, however, had not yet been 
published. 

This representation is well suited to explain at once which are 
the transformations which take place on the different parts of the 
three-phase line, owing to change in pressure or temperature, and 
finally lead to the disappearance of one of the three phases. 

Those transformations are dominated first of all by the connection 
of the compositions of the three-phases. 

From the figure it will be seen at once that, if we indicate the 
solid compound by S, the eoexisting liquid by Z, and the vapour by 
G, the order of the compositions of the phases commeneing with 
one richest in the volatile component A, is as follows: 

on branch OTRF : GLS 
er: F@G : @SL 
u Ren GD: SGL. 


The only transformation which can take place between three 
phases is such that one is converted into two others, or reversely. 
That one must then necessarily be the middlemost in composition, 
consequently successively Z, S, @. 

The most rational division of the three-phase line is obtained when 
this takes place according to the transformation which occurs between 
the phases, and we will, therefore, call in future the branches on 
which Z, S or @ are the middle-bodies, the branches 1, 2, 3. 

The transformation of 1 into 2, therefore, takes place in the point 
F where S=Z, that of 2 into 3 in the point @ where S= @. 

If now we observe in what direction that transformation takes 
place, for instance on applying heat, we have 

on branch 2:S>@-+L 
i » .3:85+L>G 
on the other hand on branch 1 we have: 


on the part TRF: S+G@—L branch Ia 
HS Hr CT: L>S+@ irmh 
whilst in the point 7’ itself, both transformations are without heat 
effect. The reversal of the direction of the transformation causes 
retrograde phenomena, on increasing or lowering the temperature. 
A reversal of the direction of the transformation caused by a 
change in pressure also takes place on either side of the point F 
on branch 1, or on branch 2 ifthe compound melts with contraction, 
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and in this way retrograde phenomena by variation in pressure 
become possible. 

On the branches 2 and 3 a reversal of the direction of the trans- 
formation caused by.heat supply is as a rule not probable, as this 
always consists in the evaporation of the solid matter, coupled with 
melting of the same, or evaporation of the liquid, processes which 
generally want a supply of heat‘). The readiness of the reversal on 
branch 1 is, therefore, closely connected with the fact that the liquid 
phase is here the middle body. 

If we consider in an analogous manner the character of the three- 
phase line on which the most volatile component A oceurs as solid 
phase, the order of the phases is here S@GZ, therefore the line AC 
represents branch 3; in the point A, @ and Z become simultaneously 
equal to S:; consequently, there exists no branch corresponding with 
branch 2 of the compound. On the three-phase line DB where the 
least volatile compound B is the solid phase, the order is GLS, 
therefore DB corresponds with branch 1. 

In the previously studied binary compounds the volatility of the 
one component was so much smaller than that of the other, that on 
the three-phase line only the branches 1 and 2 were noticed; if 
the second constituent is sufficiently volatile branch 3 may be met’) 
with as in the case of JCl and JC],. 

Such is the state of affairs in the case that the vapour tension of 
the liquid mixtures gradually decreases from 100 °/, A to 100 °/, B. 

If now, however, a minimum or a maximum occurs in the vapour 
tensions the possibility may arise that, somewhere on the three-phase 
line of a compound, the liquid and vapour phases, wich coexist 
with the’ solid phase, become equal in composition; and the question 
arises what significance this fact possesses for the division of the 
three-phase line. 

In his communication eited Dr. Smits has for the first time given 
the three-phase lines for botlı cases and also the p ,-projections of 
the appertaining spacial figure but has not further investigated the 
character of the different parts of the three-phase line. 

Let us first take the case that a minimum oceurs in the p-«-lines 
for liquid-vapour. If the compound in liquid and gaseous state was 


1) The special cases where reversal might take place will not be considered here. 
2) If branch 3 is wanting because on branch 2, $ nowhere becomes equal to @, 
there is still a possibility that this occurs somewhere on the three-phase line 
which the compound with the least volatile component as solid phase and vapour 
gives below the point D. Tliis we cannot further enter into. 
32 
Proceedings Royal Acad. Amsterdam. Vol, VII. 
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not at all dissociated, that minimum would coincide with the eom- 
position of the compound. 


Fig. 2 


The three-phase lines would then appear about as shown in Fig. 2. 
Instead of one continuous line for the compound, there would be 
two branches sharply meeting in F, CF and DF, both exhibiting 
the character of branelı 1, and therefore the order @ZLS of the three 
phases, and both becoming tangent in /, to the melting point line. 

The sharp meeting in F is caused by the fact that there is no 
eontinuity between liquids or vapours containing an excess of A or 
of B, if the compound itself on its transformation into liquid or 
vapour, that is in 7, remains totally undissociated and therefore con- 
tains no trace of A or B in the free state. In this case F is a 
triple point for the compound. 

In case of the least trace of dissociation we, however, get continuity 
and the branches CF and DF unite to one three-phase line of the 
compound, which therefore assumes the general form deduced by 
SMITS, and is represented in fig. 3. The minimum in the vapour and 
liquid line now, however, shifts towards a composition differing 
from that of the eompound, generally all the more as the volatility 
of A and B differs more and the dissociation is greater. Unless 
special influenees’) deeidedliy modify the partial pressures of the 
components in the liquid phase, the minimum will generally be 
situated at the side of B. From the p , x«-representation deduced for 
this case by Sms, it will» be easily seen that, proceeding along 


!) Such as the existence of several compounds. 
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branch CF of the three-phase line and continuing over FD, the 
order in which two of the three phases become equal in composition 


is as follows: 
- point #: D=n 
point @: ee 
point H: ls= a, 
From this it follows firstly that, if somewhere on the three-phase 
line of the compound liquid and vapour beeome identical (point 7), 


there is certainly also a point @ where vapour and solid become 
equal, as @ is situated between HZ and F. 


Fig.3 


Let us now consider the character of the different parts of the 
three-phase line. From (€ to H, the state of affairs is just the 
same as in Fig. 1. CF is, therefore, again branch 1 with the order 
GLS for the composition of the phases, #G branch 2 with the 
order @SL and’ @H branch 3 with the order S@L. 

Whilst however in Fig. 1 the character of branch 3 continued up 
to D, a change oceurs at 7 because , = @. It is easy to deduce 
from Dr. Smits’s p, z-figure that the continuation HD of the three-phase 
line again exhibits the character of branch 1, the order of the pha- 
ses is just as on UOTF:@LS, with this difference that @ is now 
the richest in the component B whilst on branch CTF the vapour 
was richest in A. Because in 7 the compositions of Z and @ be- 
come equal, a transformation in that point of the three-phase line 


32* 
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only oecurs between those two and, therefore, the tangent HM to 
the three-phase line must be the line indicating the p,t values for 
the series of liquids and vapours having equal composition. 

Just as in F occurs as tangent to the three phase line the mel- 
ting point line FAX, which is the extreme limitation ofthe equilibria 
between solid änd liquid, and in @ the subliming line @Z, which 
is the extreme limitation for the equilibria solid and vapour, the 
tangent in 7 is the line HM, which is the boiling point line of the 
liquids with a constant boiling point, and also the extreme limitation 
for the equilibria liquid-vapour '). 

The points #_@ and H are, therefore, points of strietly related 
significance; they are the points where the order of the phases sud- 
denly changes. 

Let us now further consider ‘branch 7D. In fig. 3 oceurs a point 
of maximun pressure 7, and of minimum pressure 7. The first 
point is quite comparable with the maximum 7’ in the branch ETF, 
the part DT, is again /b on which, on heating, the transformation 
L>S+G takes place, the part 7, T, is branch /a, to which 
belongs the reverse transformation, whilst in 7’, itself the heat of 
transformation passes through zero. 

ÖOwing to the continuous connection of DT,T, to HG, we 
necessarily get a small rising part 7, 7 of branch 1, after the line 
has passed through a minimum 7. The possibility of this minimum 
may be explained as follows: 

Just beyond 7,, the amount of heat necessary to convert S+ @ 
into Z can at first inerease, because / and @ both approach in 
composition to S, so that the quantity of (7 concerned in the said 
transformation diminishes with regard to S. But as we approach on 
the three-phase line the point 7, Z and @ approach each other 
more than they approach S (for point A, where L—=G, is reached 
sooner than @, where S= (7); consequently the ratio of the phases 
(@/S, which transform themselves in L. becomes again larger and 
the heat required for this again smaller until it finally becomes zero 
at 7, and beyond this point negative, in other words the trans- 
formation again becomes 4—S-+ (; the small part 7, H again 
represents /b and keeps on doing so up to the point Z/ where the 
transformation in branch 3 takes place. 

As the minimum 7, does not coineide with the point 7 where 
L=G, a small modification must be made in the p,=-projection of 


') m the figure the lines HM and LG intersect. In the spacial figure this is 
however, a crossing. 
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the spacial figure given by Dr. Surrs in his fig. 5. His three-phase strip, 
which I will rather call two-phase strip because it is formed by the 


p 


AB 


Fig.4 


lines indicating the liquid and vapour existing by the side of the 
compound, assumes the form of fig. 4, in which the particular points 
of tlıe threephase line fig. 3 with which this figure corresponds are 
indicated by the same letters. The line is extended so far that italso 
includes tlıe maxima 7’ and 7‘, and so shows in which respects it 
differs from the case corresponding with fig. 2, and of which the 
strips have been indicated by Smits in his fig. 2. 

If the minimum in the liquid-gas surfaces should be very little 
pronounced, another type of the three-phase line may be expected, 
which is represented in üg. 5 in which both minimum and maximum 
have disappeared in branch AD, the whole line having the character 
of branch 1b. 

In fig. 4 this would result that beyond the point // vapour and liquid 
lines keep on a downward course, which may be the case if the 
composition of L and @, which coexist with the compound, shifts 
but little with the temperature so that the increase in pressure which 
would oceur owing to the shifting towards the side of 5 is more 
than compensated by tlıe decrease in pressure caused by the fall 
in temperature. 

Up to the present not a single example has been studied where 
a three-phase line of the type fig. 3 or 5 made its appearance. Still 
it is not diffieult to see that both must frequently exist in the case 
of dissociable compounds with sufficient volatility of the two com- 
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ponents. Examples will be found in the compounds of NH, or amines 
with volatile acids as HCl, HBr, H,S, HCN or organie acids as formie 
acid, acetic acid, in chloral hydrate or alcoholate, etc. 


Fig.S 


When the compound becomes less dissociated, fig. 3 will assume 
ımore the character of fig. 2. To this belongs, perhaps methylamine 
hydrochloride. As the dissociation becomes greater and the volatility 
of B differs more from A, the point 7, where Z= @, will be fur- 
ther removed from F. In the case of amine salts of organic acids 
it is already known that the liquid with a constant boiling point 
lies much eloser to the acid-side than the compound. 

If the volatility of B decreases very much, fig. 5 may form. 

If the line AM lies strongly to the side of B the case might happen 
that the point 77 did not occur on the three-phase line of the com- 
pound, but on that of the component B. In fig. 3 and 5 branch 3 
is representel by the three-phase line AL@ as well as by BL@. 
In the case mentioned, the line BL( starting from B would at 
first represent branch 3 but after passing the point Z= @ it would 
represent branch 1 either 15 or later even 1a. These branches then 
Join on branch 3, the three-phase line of the compound. Of this, no 
instance is as yet known. In the systems HCl, HBr, HJ and H,O 
the ice line runs to very low temperatures, and therefore to very 
high concentration of HCI ete., but the line 77.1/ when running to lower 
temperatures also runs to a higher acid concentration, so that according 
to Pıckering’s data on the coexisting liquids the minimum in HC] — H,O 
would fall on the three-phase, line of the third hydrate, in HJ — H,O 
on that of the fourth hydrate (both on the side of the solutions 
richer in water) in HBr — H,O even just before the melting point 
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of the fourth hydrate at the side of the solutions richer in HBr — 
in no case, therefore, on the ice line. 


Let us further consider the case where liquid and vapour become 
equal at a maximum pressure. Here, this point will lie generally on 
the side of the most volatile component and as the compound becomes 
more dissociated and the difference in volatility of its components 
greater, the chances are that the composition of liquid and vapour 
at which they become equal, differs more from the compound. 


From this originates a form of the three-phase line which is in 
general indicated by Fig. 6. The point 7 is now shifted to the top 
branch at the left side of the maximum 7’ in branch 1. The part 
HC now exhibits the character of branch 3. The line ZM, which 
indicates the maximum pressures of the series of liquids and vapours 
having an equal composition, is tangent in 7 to the three-phase line 
and forms the extreme limitation of the equilibria between liquid 
and vapour. The three-phase lines for solid A and solid B both 
exhibit the character of branch 1. en 

ÖOwing to the non-coineidence of the points 7 and 7 a similar 
correction must be applied to the 9», «-projection of the two-phase 
strip given by Dr. Smitrs as has been done by me in Fig. 5 in the 
case of the minimum. 

The type fig. 6 will, presumably, not frequently occur, as a 
combination between two bodies is as a rule accompanied by a 
reduction in pressure and therefore, the occurrence of a maximum 
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pressure in the series of the liquid-vapour equilibria is but little 
probable. At the moment there only seems an indication that the 
case occurs with PH, Cl. 

If the line ZM is situated much more towards the side of A it 
might then also happen that the point 4 did not occur on the three- 
phase line of the compound, but on that of*the compound A, so 
that branch 3 on this line follows on branch 1 and disappears 
from the three-phase lines of the compound. 

In a future communicätion I will discuss the boiling phenomena 
of the saturated solutions corresponding with the said branches of 
the three-phase lines. 


Crystallography. — “On Diphenylhydrazine, Alydrazobenzene 
and Benzylaniline, and on the miscibility of the last two 
with Azobenzene, Stilbene and Dibenzyl in the solid state.’ 
By Dr. F. M. Jarser. (Communicated by Prof. Baxnuvıs 
Ro0ZEBOOM). 


(Communicated in the meeting of October 28, 1905). 


The following research was undertaken to furnish a new contri- 
bution to the knowledge of tlıe relation of the erystal-symmetry of 
organic compounds and their power of yielding erystallised mixed 
phases with each other '). Originally, it only aimed at the investigation 
of Aydrazobenzene and Benzylaniline in their connection with the 
series, investigated by BruNtL, GARELLI, CALzonLarı and GoRNI, of 
Azobenzene, Stilbene, Tolane, Dibenzyl and Benzylideneaniline, but 
afterwards, Diphenylhydrazine, which is isomerie with Hydrazobenzene 
was also included. 


Diphenylhydrazine. 


(0, H,), N—NH, ; melting point: 44° C. 


This compound, which I obtained through the kindness of Prof. 
S. Hooskwerrr of Delft, erystallises from ligroine in the forın of 
colourless, large, lustrous erystals, which exhibit a rather varying aspect. 
On exposure to light they rapidly assume a brown colonr. 


!) Compare F. M. Jasser, These Proc. VII. p. 658. 


Fig. 1. 
(Diphenylhydrazine). 
No distinet plane of cleavage. 
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Trielino-pinacoidal. 
a:b:c—= 0,7698: 1 : 0,5986. 
A== 89134’ a= 8924’ 
D=1371 28 $ = 137°28}’ 
(48 9520L = WW? 44’ 

The approach to monoclinie symmetry is 
very plain. 

Forms observed: 5={010), broad and 
lustrous; m={110}, somewhat narrower and 
reflecting less sharply ; » = {110}, very lustrous 
and broad; c= {001}, well developed and 
yielding fairly sharp reflexes; o—={il1}, very 
lustrous and well developed. The cerystals are 
mostly flattened towards p, or they may be 
developed isometrically with a slight elongation 
along the c-axis. It is peculiar that in the 
vertical zone the co-related parallel planes of 
the forms m, p and D are generally very 
unevenly developed. Perhaps we may have 
here a new example of the presence of an 
acentrie crystal; the nature of the surface of 
the parallel planes is also often different on 
a plane and its corresponding contreplane. 
Etched figures could not be obtained. 


Measured : Caleulated : 


D':p = (010) : (110) =* 62% er 


br ==4(010): 
V:c = (010): 
:c = (110): 


:c =): 


(110) —* 62 54'/, za 
(001) —* 89 13%, er 


(001) —* 48 53 nn 
:m' — (111) : (110) =* 73 38 = 
(001) = 49 24 49°28' 
(001) — 56 54 56 54 
A11)— 7842 78 36 


:o = (110): 
:Ö — AN): 
p:m —= (110): 


2 
0 
m cr At): 
0 
R 
0 


(010) — 58 45), 58 43 
(110) 154'59%/, 54 591), 


In the vertical zone the situation of the optical elastieity axes was 
almost parallel to the direction of the c-axis; but on 5 the angle of 
inelination amounted to about 10°, on m only about 1°. An axial 
image could not be observed. 
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The sp. gr. of the erystals is 1,190 at 16°; the equivalent volume 
154,62. Topical axes y:py:o = 6,0956 : 7,9182 : 4,7399. 


Hydrazo-Benzene. 
C,H,.NH—NH.C,H,; melting point: 125° C. 


Fig. 2. 
(Hydrazobenzene). 


When recerystallised from a mixture of alcohol and ether, the com- 
pound forms small, thin, colourless, square plates. 


Rhombie-bipyramidal. 

u: ’E=VIT8UrT7 1,2497. 

Forms observed : ce = {001}, strongly predominant and very lustrous ; 
o— {111}, sharply refleeting; q = {021}, lustrous, always very small 
developed; ®= {221}, narıow; m = {110} very narrow and often 
wanting altogether. Thin-tabled towards c. 


Measured : Caleulated : 
e v0 (001) : 1116046 — 


0:0 = (111): (111) =* 75 14 — 

e:qg — (001) 102177681 68°12' 
0,0 —111)8123 eigen 13 36 
o:m= (221):(110)=& 15 27 15 38 
Gem == (001).:71107-7,8 9756 900 
0:0 =(221): 21) = — 84 41 
m:m= (110): (110) — 88 36 88 46 
®:o = (221): (221) — 30 58 31,10 


Very completely cleavable along 00}. 

On c the situation of the directions of extinetion is orientated 
towards the side c:y. An axial image could not be observed. 

Sp. gr. = 1,158 at 16° C.; the equivalent volume is 158,89, 


Topical axes: 4: w:o — 4,9567 : 5,0645 : 6,3291. 
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Benzylaniline. 
C,H,.CH,—NH.C,H,; melting point: 364° C. 


Fig. 3. 
(Benzyl-Aniline). 

From ether or alcohol the compound cerystallises in large colourless 
erystals flattened towards « which, however, never exhibit measurable 
end planes. The best crystals are obtained from methyl alcohol. They 
are then mostly twins towards {100} or sometimes parallel-erystalli- 
sations. The end planes are generally curved and unsuitable for 
measurement. With some of the better developed crystals more 
accurate measurements could be executed. 


Monoelino-prisinatie. 
a:.b2c=2%1076 :1 :1,6422. 
B = 76°36}. 

Forms observed: «= {100}, most broadly developed of all and 
strongly lustrous ; c = {001}, somewhat narrower and strongly lustrous; 
s— {021}, bent and curved, sometimes less opaque and flat; r = $203}, 
well developed and lustrous; ® = {2421}, indicated as extremely 
narrow vicinal form, mostly wantıng. 


Measured:  Calculated : 
a:c — (100) : (001) —* 76°367/,' = 
a:r — (100): (208) —* 73 31%, Le 
c:s = (001) : (021) —* 72. 37%), es 
s:s = (01):(021)— 34.45'/, 34°451/,' 
a:s =(100): (021) = 93 58 93 58 
20 7 74 59°), 
cr =(000:.203)=. 29.53 29 32 


Very completely cleavable towards {0013 and {100}. Twins 
towards {100}. 

In the zone of the Ö-axis orientated extinction everywhere; the 
optical axial plane is {010}. On a and c a black hyperbola is visible 
in convergent light; one axis forms with the normal on a an angle 


Hydrazobenzene. 
120° Stilbene. 


Azobenzene‘ 


Binary meltingpoint lines of Azobenzene + Stilbene 


and of Azobenzene + Hydrazobenzene. 


of about 12°. The apparent axial angle in a-monobromonaphtalene 
amounts to about 90°. Strong, inclined dispersion with @ >, 


The Sp. Gr. = 1,149) at 14°C, equivalent vol. = 159,25. 
Topical axis: .:W:o= 7,6220 e 3,61 64: 5,9389. 


As regards Aydrazobenzene and Benzylaniline the following obser- 
vations must be made. 
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Some time ago, Brunı and Cranicıax !), and GarkLLI and CALZOLARI *) 
coneluded, on account of cryoscopie abnormalities, to a formation 
of mixed phases in the-solid state between, Dibenzyl, Stilbene, Tolane 
and Azobenzene, and to the isomorphogenous substitution in aromatie 
molecules of the atomie-combinations: 


FE EB 
—CH=CH — 
— Ge 
NEN 


According to Brunı and Gorxı?), Benzylideneaniline: C,H, . CH = 
N.C,H, may also form mixed erystals with ‚Stölbene and Azobenzene 


so that according to them the atomie combination: -—CH=N — 
ought to be included in the above series. "The «question now arises 
whether the combining forms: — NH— NH— and — CH, — NH — 


which find in Aydrazobenzene and Benzylamine their most simple 
representatives, analogous with the above derivatives, belong to this 
isomorphogenous series or no. 

The important question, however, arose whether we have really 
the right to speak ‚here of an isomorphism, as we are not allowed to 
conclude at once that an isomorphism exists merely on account of 
the power of mixing in the solid state only. 

Borrıs?), however, demonstrated that the four firstnamed sub- 
stances exhibit such a close form relationship that this is praetically 
indistinguishable from true isomorphism. 

Dibenzyl : C,H, . CH,—-CH, . C,H... 

Monoelino-prismatie a: 5b: c = 2,0806 :1: 1,2522; = 64°6 

Stilbene:C,H,.CH=(CH.C,H.. 

Monoclino-prismatie 2:5: c = 2,1701 :1: 1,4003 ; 3 = 65°54 

Tolane:C,H,.C=C.C;H,. 

Monoclino-prismatie a:b:c—= 2,2108 :1:1,3599 ; 8 = 64°59 

Azobenzene:C,H,:.N=N.C,H.. 

Monoelino-prismatie a: b:c = 2,1076 :1: 1,3312 ; ß = 65°34 

Here, however, we meet with differences in aspeet, optical orien- 


ı) Bruns and Cramicran, Soluzioni solide e miscele isomorfe fra i composti a catena 
aperta saturi e non saturi; Rendic. Lincei (1899). 8. I. 575; Gazz. Chimic. Ital. 
(1899). 29. 149. 

2) Gareıuı and CArzoarı, Sul comportamento crioscopico di sostanze aventi I 
costitnzione simile a quella del solvente ; Rendie. Lincei (1899). 8. I. 585; Gazz. 
Chim. Ital. (1899). 29. (2). 258; Rendic. Lincei R. Accad. (1900). 9. (1). 382. 

3) Brunı and Gornı, Gazz. Chim. Ital. (1899). 1. 55. 

3) Borrıs, Atti Societä Ital. di Sc. Natur, Milano. (1900). 39. 111—123. Abstract 
Z. f. Kryst. 34. 298. { 


ation ete. whieh are greater than is allowed in strietly isomorphous 
substances, so that it is better to speak of isomorphotropism instead 
of isomorphism. 

Now according to Garksıı and Carzonarı, Dibenzyl and Benzyl 
aniline form mixed erystals; also Azobenzene and Benzylaniline ’). 
This in connection with the results previously obtained by MUTHMANN?) 
according to which the Terephthalie-methyl-ether is isomorphotropous 
with Aıs—, and Aıs— Dihydroterephthalic-dimethyl-ether and the 
Aıs— and A15— Dihydroterephthalie-diethyl-ethers are isomorpho- 
tropous with the A,— Tetrahydroterephthalie-diethyl-ether, whilst, in 
addition the p-Diowyterephthalic-ethers behave in an anaiogous manner 
to the p-Diowydihydroterephthalic-ethers and are capable of forming 
with these mixed phases in the solid state, the Italian investigators 
believe they are justified in coming to the conclusion that if two 
aromatic substances can form muzxed erystals, their hydro-products 
can do the same. 

The universal application of this rule is at once upset by Hydrazo- 
benzene and Dibenzyl, which, eryoscopically, behave quite normally 
but differ in their erystalline form as shown above. 

It was, therefore, to be expected that Azobenzene and Hydrazo- 
benzene would form no mixed crystals. Experiments taught me 
indeed that from their mixed solution in ether Aydrazobenzene is 
deposited first in colourless, perfectly pure erystals. Afterwards these 
are accompanied by pure red crystals of Azobenzene; they were 
verified by the melting point. 

I have also determined the melting point line of mixtures of the 
two substances. This line has two branches and an ordinary eutec- 
tieum situated at 59°,25 and corresponding with a concentration in 
Azo-compound of 76.2 mol °/,- 

Here are a few data: 


Azobenzene ö melts at 67.8 C. 
” + 9.6°/, Hydrasobenzene „ „ 63°.4C. 
5 ei k re 
mE } 3 59°.250, 
s + 47.0°/, ® Na 
® + 70.5 °/, = a N in 
Hydrazobenzene a AD a 


Y) Brunı, Ueber feste Lösungen. Samml. chem. techn. Vorträge. Bd. VI. (1901) 
p- 48. 
?2) Murumann, Z. f. kryst, 15. 60; 17. 460: 19. 357, 
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According to my research there is here no question of an isomor- 
phism with an appearing hiatus. 

All this is quite in accord with the deviating cerystalline form of 
Hrydrazobenzene. 

It deserves attention that BırLows') has investigated p-Azotoluene 
and p-Hydrazotoluene. He finds: 


p-Azotoluene (143° C.)-Monoelino-prismatic 
#26 »2==0,5687 :1 :1,7105 ;.8 — 89°,44'., 
p-Hydrazotoluene (128° C.)-Monoelino-prismatic 
2:b:c—0,6279:1:2,0287; = 89.49. 


Notwithstanding these deviations, also that one where 001? of the 
first substance plays the role of $100} at the second he deelares 
these compounds to be “isomorphons””! Of more than a mere morpho- 
tropie relation there can be no question here, and the so called 
isomorphogenous replacement of —N=N— by —NH—NH-—. does 
not help us here. 

As Dibenzyl and Benzylaniline can yield mixed erystals and as 
according to Bruni the laiter yields mixed erystals with Azobenzene 
an analogy in form is to be suspected here. This may indeed be 
brought to light by assigning to Borkıs’ forms in Azobenzene: {100}, 
001}, 110), f201), {403} respeetively the symbols: {100}, TON, 410), 
101}, 103}, that is to say by calling the form which should be 
101} with Bokrıs, 001}. 

Then we have: 


Azobenzene: a:b:c= 2,1076:1 1,4220; B= 76°.32' 
Benzylaniline: a:b:c = 2,1076 :1::1,6422; 8 — 76°.36%. 


Therefore, a relation which, having the same ratio @:b and an 
equal angle 8, looks as if it ought to be considered as a case of 
isomorphotropism bordering on isomorphism. 

It must, however, be pointed out immediately that this explanation 
is not a rational one as the other forms of Azobenzene observed by 
Borrıs obtain in this way very complicated symbols. 

It must also be observed that the meltingpoint of Benzylaniline 
(364°C.) is lowered by addition of small quantities of Azobenzene. 

Whilst the Benzylaniline used melted at 364° C. and the Azobenzene 
at 68°C., the following melting points £ were found for mixtures : 


t) Bırows, Rivista di Mineral, e Cristall. Ital. (1903). 30. 34—48. Abstract 
Z. f. Kryst. 41. 273. 
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931 °/, Benzylaniline + 63 °/, Azobenzene, t = 35° C. 


88°, Re 19°, DE Sa 
48,6°,, R 51,4°/, ar EN 0) 
23,7%), » 76, gr „ t= 614° C. 


On erystallisation of the two compounds-from a joint solution in 
alcohol + chloroform, small aggregated orange-coloured needles were 
obtained which were unsuitable for further investigation. But it seems 
that solid solutions are formed here. 

As regards Azobenzene and Stilbene with which Dibenzyl forms 
solid solutions, I have tried to determine, in mixtures of the two 
substances, the points of initial and final solidifieation in the usual 
manner. It appeared that these two substances whose isomorphotro- 
pism is almost indistinguishäble from real isomorphism, also agree 
with real isomorphous substances in this respeet that they can form 
a continuous series of mimed phases from 0 °/, to 100 °/,. The lower 
branch of the continuously-rising melting point eurve is situated so 
close to the higher one that a sharp determination was quite 
impossible. 

The following melting points were found: 

Azobenzene melts at 68°C. 
& + 22,9 °/, Stilbene melts at 82°.4.0. 
r — 66,94°/, 3 HIT SAN 
Stilbene melts at 120° C. 

The melting point of Azobenzene is therefore tised by addition of 
Stilbene. The lowering of the melting point of Stilbene is not propor- 
tional to the number of molecules of added Azobenzene (ineorreet 
rule of Küster) but takes place more slomly. 

The mixed erystals obtained from mixed solutions were homogeneous 
and of a bright red colour. They erystallise beautifully. The mixture 
being sublimed the vapour deposits mixed erystals as is also observed 
by Bruni. 

Finally, we wish to observe that Aydrazobenzene, notwithstanding 
the difference in symmetry, shows in its parameters some degree of 
analogy with Azobenzene if we take o—= 211}, = 421} and 
Me AL0N. 

Azobenzene: a:b:c= 2,1076 :1:1,4220 B —= 76°,3%. 
Hydrazobenzene: a:b:c—= 1,9574 :1:1,2497 PB — 90°. 

In the case of Diphenylhydrazine, notwithstanding its great simi- 
larity to the monoelinie system, there is no question of such a 
distant analogy. 
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Chemistry. “The amides of «a and B-aminopropionie acid’. B 
| pro} ai 


Prof. A. P. N. Franchımont and Dr. H. Frıkpmann. 


(Gommunicated in the meeting of October 28, 1905). 


Some time ago, I was asked for information as to a substance 
isolated in 1873 by Baunstark from some urines. He describes it 
as white prisms some millimetres long and resembling hippurie acid 
not only in form but also in lustre. It is fairly readily soluble in 
boiling water, with difficulty in cold water and spirit of wine, in- 
soluble in absolute alcohol and ether, and suffers no decomposition 
when heated to 250°. It is a neutral substance which, however, 
yields with acids, hygroscopie compounds diffieult to erystallise, and 
gives a precipitate with mereurie nitrate. The analysis led to the 
formula C,H, O N,. By means of nitrous acid he obtained from it 
a liquid acid and from this he prepared a zine salt, which in zine 
and water content corresponds with the zine salt of sarcolactie acid. 
This zine salt was very soluble in water and in spirit of wine, and 
from this he concluded that it really consisted of zine sarcolactate. 
He also showed that under the influence of alkalis, one nitrogen 
atom is readily converted into ammonia and the other into ethylamine, 
carbon dioxide being also formed. 

From this he concluded that his substance was the amide of 
e-aminopropionie acid or, as he called it, the diamide of lactie acid. 

BeıLstein in his text-book, mentions BAUMSTARK’S substance as the 
amide of «-aminopropionie acid but adds a point of interrogation, 
and rightly so, for Baumstark has tried to control the conclusion 
drawn from his analytical research by synthetically preparing the 
diamides of the lactic acids, or amides of the amino-propionic acids, 
and comparing them with his substance from the urine; from those 
experiments he drew the opposite conclusion, and declared the previous 
idea to be incorrect. 

But if we look at the synthetical methods applied by Baumstark, 
it is at once evident that he could obtain nothing else but mixtures, 
which he has not separated but seems to have regarded as pure 
substances whose properties were totally different from that of his 
substance from trine. 

Moreover, many, particularly physical properties such as melting 
point, solubility, neutrality etc. of the substance from urine, are not 
‚those whieh we might reasonably expect of the amides of the amino- 
propionie acids. 

None of the amides of the aminopropionie acids being known, I 

33 

Proceedings Royal Acad. Amsterdam. Vol. VII. 
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instineted Dr. Frispmann to prepare both by a method leading to 
pure products, in order to end the present uncertainty. 

The a-aminopropionic acid (commercial alanine) was converted in 
the usual manner into the hydrochlorie methyl ester, which melted 
at 158°. By the action of silver oxide or aqueous caustie soda, in 
presence of ether, the ‚free methyl ester was prepared, which is very 
volatile, and under a pressure of 15 m.m. passes over between 38° 
and 41° as a colourless liquid (spec. gr. 13,5° = 1,0309), which 
however, after some days changes into a solid mass (alanine anhy- 
dride), presumably owing to the interaction of the two functions — 
amine and organic ester. A nitrogen determination in the liquid 
gave figures corresponding with those required by the amino ester 
CH,.CHNH,.C0,CH,. The amino ester was mixed with a saturated 
methylaleoholice ammonia and’ left to itself for a few days. A distilla- 
tion at 35° at a pressure of 20 mm. removed the ammonia and alcohol 
and left as residue a colourless oily liquid of a strongly alkaline 
reaction which is but little soluble in ether and benzene and solidi- 
fies in a dessiccator. After being recrystallised from alcohol, the 
substance on analysis appeared to be pure. It crystallises in needles, 
is very soluble in alcohol, very hygroscopie and melts at 62°. On 
prolunged heating ammonia is set free and alanine anhydride is 
formed, as was indeed to be expected. The a-aminopropionie amide 
CH, CH NH,.CO.NH, gives also a well-erystallised compound witlı 
hydrogen chloride, a fine erystallised orange-red chloroplatinate, which 
is readily soluble in water, but little so in alcohol, and a bright 
yellow picrate, little soluble in water, which on being recrystallised 
from alcohol melts at 199°. Thus we have sufficiently characterized 
this amide for the present. It seems to be decomposed already at 
ordinary temperature in an exsiccator. 

The B-aminopropionic acid was prepared but with aslight modification, 
according to Hooskwerrr and Vax Dorr from suceinimide '). Like the 
a-compound it was converted into the hydrochlorie methyl ester, 
which melts at 95°. 

From this was prepared in the manner describeil above the free 
B-amimopropionie methyl ester, which under 18 m.m. pressure distills 
at 57°—59° as a colourless liquid and is pure as follows from analysis. 
After a few hours it is decomposed with formation of erystals. By 
direct treatment with methylaleoholie ammonia the amide was at 
first obtained as an oily liquid, which was purified by repeated 


ammonia until no more water is expelled. 
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solution in methyl alcohol and preeipitation with ether, when it gave 
good analytical results. On being cooled, it became solid, and on 
inoculation with a trace-of the solid material, it yielded beautiful 
erystals, melting at 41°. The B-aminopropionie amide NH,.CH,.CH,. 
CO.NH, is very hygroscopie, very soluble in alcohol, with diffieulty 
in ether, has a strongly alkaline reaction, absorbs carbon dioxide 
from the atmosphere and yields a well-erystallised hydrochloride. 
Botlı aminopropionie amides are, therefore, now known and not 
identical with the substance obtained by BaumsTark from urine. 


Physics. — “Remarks concerning the dynamics of the electron.” 
By Prof. J. D. van pur Waars JR. (Communicated by Prof. 
J. D. van DER Waars). 


The theory of eleetrons is usually deduced from the following 
equations: 
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The units and notations used .are those of Lorkxtz’s article on the 
“Elektronentheorie” in the “Encyelopädie der Mathematischen Wis- 
senschaften” V 14. 

The equations (D)...(IV) determine the field, the motions of the 
eleetrons being given. Equation (V) will be independent of the for- 
mer four, and determine the motion of the eleetron in the electro- 
magnetic field, of representing the force exercised by the field on the 
eleetric charge. The application of equation (V) is however attended 
by peeuliar difficulties. If in mechanics a body is given its mass is also 
supposed to be known; then if we know the force, the acceleration, 
and the law according to which it will move may be caleulated. 
Now if in forming f we take into account all the forces also those 
excited by the electron itself, then the case that we ascribe a “real” 
or “material” mass to the electron offers no fundamental difficulty. 
For the case, however, in which the electron has no real mass the 
equation (V) assumes the form: 

force — 0 
39* 
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dv | 
without a term with = in the righthand member which enables 
[020 


us to determine the acceleration. If on the other hand in forming f 
we take into account only the external forces, we may introduce the 
electromagnetic mass m and write: 

dv 


force = m’ — 
dt’ 


The mass m’, however, is not known, and we can only ealeulate 
it if we know already the law according to which the electron 
moves. But then of course we- need not make use of equation 
(V) any more. 

ABRAHAM !), accordingly, «does not make any use of equation (V) 
for determining the motion of the eleetron. He does use an equation 
which in Lorzxtz’s notation, the integrals being taken throughout 
infinite space, may be written as follows 


IK @+— — [ 9]) 4s= Rh [ob], 


But this equation is RR from the equations (/)...(/1”) and 
so it is not equivalent to equation (I) which must be independent 
of them. The only use which is made of equation (N) is the 


introduction of the name force for the quantity @ ( ar pi In [p 1) of 


1 
the name momentum for — [dh], and of the name electrie mass 


[ 
for the quotient of the so defined force and the acceleration. But 
the real problem: how will an electron with given shape and 
charge move in a given field, must be solved beforehand indepen- 
dently of this nomenclature. 

Yet it is evident that the equations (/)...(/1”) will in general 
be insuffieient for the determination of the motion of an eleetrical 
system. In the case that we ascribe a real mass to the eleetron, it 
is obvious that we must know the force aecting on it. But also on 
the supposition that the electron has no real mass and in what 
follows we will confine ourselves to this case another set of 
equations is required for the determination of the motion. For 
equation (//) enables us to determine d if » is always known, and 
inversely to determine v if we know d, but it does not enable us 
to determine botlı these quantities. The assumption that the motion 
is quasi stationary is equivalent to a relation between y and $. 


') Aranam, “Dynamik des Elektrons.” Ann. der Physik IV.B. 13, 1904, bl. 105. 


For such a motion the equations (/)...(1V) are therefore suffieient 
to determine the motion. If the motion is not quasi stationary then 
the equations (/)...(/V') are not sufficient, and we must make use 
of equation (V), which. may be written: 


le 


the integral being taken throughout the electron. 

If we wish to state the meaning of this formula with the aid of 
the conceptions force and mass, we may say: the real mass of the 
electron being zero, it is impossible that a force should act on it. 
We may, however, set these conceptions aside, and simply state: the 
eleetron places itself and moves in the electric field in such a way, 
that the relation (V®) is permanently satisfied. 


1 
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It is true, this equation has the form: force = 0 without ne 
in the righthand member. Yet it may serve to determine the motion. 
This is owing to the fact that the expression of the force itself 
contains the velocity v and the angular velocity 9. In general we 
may choose such values for these quantities that the equation (Ve) 
is satisfied. To some extent therefore we return with the dynamies 
of an elecetron to the standpoint of mechanies before Ganter: the 
forees do not determine the acceleration but the velocity. If we 
mieht assume d and b to be given throughout all space and at all 
times, d and 9 wonld be determined, by the place of thıe electron, and 
we should get a differential equation of the first order for. the 
determination of the ınotion of the electron. 

The question is in reality less simple, because d and h depend on 
the former motion of the eleetron. This causes a time-integral of a 
funetion of v and 3 to oceur in the equation of motion of the electron. 
So we get integral equations as SOMMERFELD has used in his treatises 
“Zur Blektronentheorie I, II and IIT”.') In some cases the integrations 
may be effected, and then we get functional equations. 

If the eleetron moves rectilinearlv without rotation, and if it 
moreover has an axis of symmetry the direction of which coineides 
with the «direetion of the translation, then the terms of equation 
(Ja) which eontain v or 3 disappear and the equation reduces to: 


(Me s=+ 


In this case it is no longer possible to satisfy the equation by 


1) Göttinger Nachrichten 1904, p. 99 and 363 and 1905 p. 201. 
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means of a suitable choice of the value of v and 4, and now it ıs 
the place of the electron which must be such that the equation is 
satisfied. If the electron stood still the equation would cease to be 
satisfied in a following moment because of the propagation of the field- 
forces, it must therefore suffer a displacement in such a way that 
the relation continues to be satisfied. So the-equation determines the 
velocity, though the velocity itself does not oceur in it. 

This remark may perhaps serve to elucidate the results of SoMm- 
MERFELD concerning the motion with a velocity greater {han that 
of light, and this is prineipally my aim with this communication. 
In the following I shall denote a veloecity, greater than that of light, 
with ® and one smaller with v. 

We see at once that the supposition of SOMMERFELD that the velo- 
eity of an electron moving with ® will suddenly decrease to v when 
the external force is suddenly suppressed, cannot be accurate. For 
if we take d to be the sum of two parts d, the external field and 
d, the field of the electron itself, then we have at the moment £ 
before the suppression of the external field: 


Sf e: + was=o. 


But as v requires an external force, S hl od, dS is not zero, so 


neither can I: , dS be zero. This last quantity is independent 


of the veloeity at the moment £ itself, and so it cannot be made to 
disappear by any choice of the veloeity, and there is no possible 
way in which equation (Pa) can be satisfied. 

If we imagine the velocity of an eleetron moving with ® momen- 
tarily to decrease to v, then the required external force will not 
suddenly become zero, but at the first instant it remains unchanged, 
and only gradually it varies in accordance with the new mode of 
motion. This thesis applies to every discontinuity in the veloeity 
provided the motion be rectilinear and the eleetron have the required 
symmetry. For the case that the initial veloeity is zero it follows 
from SOMMERFELD’S complete caleulation of the force. We see again 
the eonformableness of the dynamics of an electron with a theory 
of mechanies in which no inertia is assumed: the force required for 
a discontinuous change in the veloeity is not only not infinite, but 
even zero; Ihe force, which acts before the discontinuity, remains 
unchanged at the moment of-the discontinuity. 

We cannot be astonished at the fact: that we do not find a possible 
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way of motion for an electron moving with ®, when the external 
force is suddenly suppressed. The same applies to an eleetron moving 
with #; if the motion is accelerated, and so if a force acts on the 
eleetron, and if this force is suddenly suppressed, the equation (Va) 
cannot be satisfied in any way. This is because the momentary 
disappearance of the external force is an impossible supposition. 
Even an infinite acceleration would not satisfy equation (Va). The 
internal force namely depends only on the former motion of the 
eleetron, and not on the velocity or the acceleration at the moment 


I | DEN) 
itself. SOMMERFETLD’sS conclusion that a motion with ne & does not 


require an external force holds only if the initial velocity is v, and 
is nothing else but a statement in other words of the faet that the 
force acting on an electron whose velocity is at the moment ? mo- 
mentarily — i.e, with infinite acceleration — brought from v to 3, is 
zero at the moment £. If however we begin with a constant velocity 
D,, and change the velocity at the moment ? suddenly to ®,, then 
the force is not zero at the moment £, though the acceleration be 
infinite, but it has that value which corresponds with a constant 
velocity 3.. 

It may however be asked what will happen, if the force acting 
on an electron with ® does not suddenly decrease to zero, but 
gradually. SOMMERFELD says about this case only that the sudden fall 
to x, which he expects from a sudden suppression of the force, will 
make room for a gradual fall. But as his expectation concerning 
the ease of a sudden suppression of the force appeared to be inac- 
curate, we might suppose that also this expectation will appear not 
to be satisfied. The more so because SOMMERFELD found a negative 
value for the eleetrie mass of an eleetron moving with ®. We might 
therefore expect that a decrease of the force would cause an 
aceeleration. This, however, is not the case, and here we see how risky 
it is to introduce the conception :of mass in the theory of the motion 
of eleetrons, to which it is essentially strange. 

The negative mass, which SommerreLD ascribes to the electron 
means nothing else, but that in order to move with a given ®, the 
eleetron requires a greater force when in the active interval the 
velocity was on an average greater than ®,, a smaller force when 
it was less. By active interval is meant the time during which the 
eleetron emitted the fieldforces, which at the moment ? act on the 
eleetron. The greater the velocity during the active interval, the 
greater the force, and inversely the smaller the velocity the smaller 
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the foree'). But it does not follow from this that also a greater 
force is required if the retardation exists only in the future. On the 
eontrary when the velocity has decreased t0 B,<®, the velocity 
during the activeinterval has been smaller,than ®, on an average, and 
so also the force required will be smaller than that which corresponds 
to a constant veloeity ®,. So with a gradual».decrease of the velocity 


corresponds a gradual decrease of the force. The reverse of this 


ns 
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thesis is not always true: if Er is a eontinuous function of {then the 
[44 


veloeity will also vary continuously. If on the other hand = is 
discontinuous though 8 be continuous then v will vary discontinuously. 

A diminution of the force is therefore accompanied by a diminution 
of the veloeity, and inversely. The behaviour of an electron moving 
with ® corresponds in this respeet with that of a body with a posi- 
tive mass. If the force acting on the electron decreases gradually to 
zero, the veloeity will fall to v. 

Though it seems to me that there is no reason to doubt whether 
the behaviour of an electron has been described here accurately 
though only in general outlines, and though a complete calculation 
of the motion is not practicable in eonsequence of the great intricacy 
of the formulae, I will show in one simple case that the force 
required for a given motion agrees with the above description. I 
imagine to that purpose an electron which for some time movcs 
with a constant veloeity ®. At the instant £ the motion is suddenly 
accelerated with a constant acceleration ». In order to render the 
ealeulation possible we will assume that we may apply the formulae 
for quasi stationary motion. We will ealeulate the force at an instant 
t in the first interval ?), so £>r’. The caleulation does not present 
any diffieulties, and can be carried out in the way indieated by 
SOMMBERFELD. After introduction of the approximation for the quasi 
stationary motion we may everywhere separate the terms as they 
would be for a constant velocity U, (we call tie sum of these 
terms %,) and the supplementary terms which depend on the 
acceeleration, and whose sum will be denoted by &,. In this way 
we find: 


ı) This rule is given by SomMERFELD though his calculations show that it does 
not hold good with perfect generality. In most cases and also in Ihe present one 
it will give a true idea im general oullines of the value which Ihe force must 
assume, 

2) SOMMERFELD 1II p. 206. 
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— six other en which are obtained by substituting — c for c 
and x, for x, in the above. 

The signification of the symbols is as follows : a is the radius of the 
spherical electron which is supposed to be charged with homogeneous 
cubie density ; & is the charge of the electron, c the veloeity of 


3 
light, © the numerice value of B; y the function 24 —ıc + # - 
2 is + oOt+'/,p® nd = w—c)t—+!/,pt. In the expres- 
sions for x, and , the term '/, pf” may, however, be neglected. 

Without performing the integrations completely we may draw the 
following concelusions : 

15. All the terms of $, contain t as a factor. So wehaveg—=\, 
if t vanishes. No sudden increase of the force is therefore required 
if the motion is suddenly accelerated, as is the case with a body with 
positive mass; neither a sudden diminution of the force as wonld 
be the case with a body with negative mass. The force remains 
unchanged. 

2»d, No terms with the first power of ? occur in & 


„.. thereföre 


dis DEREN \; : : 3 
S —(. Even the derivative — is therefore eontinuous at the point 
dit—=0) dt 
t—0. This agrees witlı our remark that a discontinuity in the 
derivative of $ only oceurs if the veloeity changes discontinuously. 
3rd, For establishing the sign of %, for = very small, we have 
only to take into account the terms with ?. There are also terms 
with 2? 7(t) but the sum of their coefficients is zero. If we perform 
the integrations as far as is required we find: 
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+ # representing the force of the field of the electron itself, — ® 
is the external field required for the motion. So we see that the 
sien of the external force —#, agrees with that of p, and that 


therefore acceleration requires increase, retardation decrease of the 
external force. 

We conelude that the behaviour of an eleetron moving with ®, 
though in many respeets it differs considerably from that of an 
ordinary body, does not show at all that paradoxal character, to which 
we should‘ conclude from the expression negative mass. Nothing 
prevents us from assuming that electrons really can behave in such 
a way. Accordingly I do not see any reason for assuming with 
Winx !) that a moving electron must suffer a deformation in order 
that the possibility of a motion with ®, as it requires an infinite amount 
of energy, will be precluded. 


Finally a remark concerning the series of the emission spec- 
tra of elements. The equations of motion of the electron are 
integral or funetional equations, and may be developed into diffe- 
rential equations of an infinitely high order. An infinite number of 
eonstants oceur accordingly in the solution. If the equations are 
linear, these constants represent the amplitudes and phases of har- 
monic vibrations; the system may therefore vibrate with an infinite 
number of periods ’). We are inclined to think that the periods of 
the lines of a spectral series are the solutions of such an equation. 
We have tlıen the great advantage that we need not ascribe to the 
electron a degree of freedom for each line in the speetrum. A degree 
of freedom in the atom is then not required for each line, but only 
for each series of lines. 

SOMMERFRLD tries to account for the spectral series by means of 
the vibrations an electron performs when it is not subjected to 
external forces. The periods which he finds, do not agree witlı those 
of light. It seems to me that we might have expected this a priori. 
For the vibrations of light are not emitted by isolated electrons but 
they are characteristie for atoms or positive ions, and are influenced 
by the forces by which the eleetron is connected to the other parts 
of the atoms or ions. But also with the aid ofthese forces we cannot 
account for the speetral series without a much better insight into 


ı) W. Wien. Über Elektronen. Vortrag gehalten auf der 77. Versammlung Deut- 
scher Naturforscher und Arzte in Meran p. 20. 
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2) Comp. also these Proceedings March 1900 p- 534. Then. however, I thouglit 
erroneously that ihe solution obtained in this way was different from that, which 
I had first developed with (he aid of integrals of Fourıer. 
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the way in which these forces act, and of the properties of the elec- 
tron, than we have as yet obtained. If e.g. we introduce the so 
called quasi-elastie force into the equations of motion of the electron, 
then this does not bring us any nearer to our aim. In order to show this 
we may write the equations for translation of an elecetron in the 
form of a differential equation as LorEnTz has done in equation 7: 
p- 190 of his article “Elektronentheorie” in the Eneyel. der Math. 
Wiss. V 14. If we introduce the quasi-elastic force — fi we may 
write the equation as follows: 
d’a d’x 


d’a 
a A Be) 


As it is only my aim to determine the order of magnitude I have not 
determined the eoefficients (A, and A, have been determined by LorkxTz). 
The only thing we have to know is that the order of magnitude of 


z A, it q 
the ratios of two successive coefficients is = —=-, The solution 
n C 


of this equation is =. & cest where s is a root of the equation: 
nn En ar: Re en oe: ee 
This equation has two kinds of roots, namely 1° two roots for 
which the other terms are small compared with /+ A, s’; these 
will represent the light vibrations; 2rd an infinite number of roots 
for which s is so large that /f may be neglected compared with the 


C E i 
other terms. For these s must be of the order —, and the period of 
a 


qa & ” . . 
the order —. The appearance of the term / has little influence on 
€ 


the value of these roots, the periods of these vibrations are there- 
fore nearly independent of the quasi-elastic force, and an isolated 
eleetron might have executed vibrations with nearly the same periods. 
We might have expected a priori that we should find periods of the 
order == it represents the time required for the propagation of an 
© 

electrie force over the diameter of the electron. The periods of these 
vibrations are of the same order as those of the rotatory vibrations 
the periods of which have been accurately caleulated in the interesting 
treatises of Hrr6LoTz!) and SOMMERFELD. 

The lines of the spectral series are not accounted for in this way. 
Yet the periods of the rotation and translation vibrations of the 
isolated electron must have a physical interpretation. Perhaps we 
should see them appear if we succeeded in forming the spectrum of 
RöNTGEN radiation. 


I) Hercrorz, Gött. Nachr., 1903. 
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Physics. — “Derivation of the fundamental equations of metallie 
reflection from Caucnv’s theory”. By Prof. R. Sıssınen. (Com- 
municated by Prof. H. A. LorENTZ7). 


1. It has been pointed out in a previous paper’) that the theories 
of metallic refleetion drawn up by CaucHY, KETTELEr and Voigt and that 
by Lorkxtz lead to identical results. It must therefore also be possible in 
the theory of Cavcnr to derive the two relations which the three last 
theories furnish between index of refraction and coefficient of absorp- 
tion for normal and oblique incidence of the light that penetrates 
into a metal, the so-called fundamental equations. These fundamental 
equations may first be obtained by paying regard to the connection 
of the quantities which the theory of Cauc#ryY and the other theories 
introduce for the description of the phenomenon. CatvcHY determines 
the so-called complex_angle of refraction r by smr =sini:oe* and 


Ker: sin? i 
cosr = ge”?). From this follows 1 — En o?e?”, so that: 
2e 
cs2r—=o’Hcs2(t+w)+tsn’i ... . -() 
8 sin 2.7,5.02,0° an, 24T 4.0) .n6- Fl 


If we pay regard to the relations between o, r and n, and %,, 
index of refraction and coefficient of absorption for normal ineidence, 
and to the equations (17) and (18) of the preceding paper °), the 
equations (1) and (2) appear to be nothing but the fundamental 
equations, given in equation (6) and (7) of the previous paper. 

2. On account of the close connection between the theories of 
metallie refleetion it must, however, be also possible, to derive these 
fundamental equatiors from Caucny's theory without paying attention 
to the connection with the others. The fundamental idea of Gavenv’s 
theory is the introduction of a complex index of refraction. Denote 
this again by n, + ık, = oe”, so that 


N, — 008 U... Ort. 0 Ne 
and 
nr Zn ELOe rk 
while we put 
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Let the NZ-plane of a rectangular system of eoordinates be the 
plane of ineidence of the light penetrating into the metal, and the 
YZ-plane the bounding plane of the metal, the X-axis being direeted 


1) Sıssınan, These Proc. VII p. 377. 
®%) Loc. cit. p. 385. 
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from the surrounding medium to the metal. Assume plane waves to 
fall on the metal. The vector of light in the refracted ray is then 
determined by: 


zeosr — zsnr 


1 
A sin Ar 1% — : (n, + | U EREN) 


In this 2 is the warve-length in the air'). The phase is determined 
with respect to a point ın the bounding plane. 
With the aid of (4) and (5) e«jnation (6) passes into 


i 24,29 -mMıIPp-T.* 
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A sin 2x | T — (x, + ık,) 


> (7) 


(7) satisfies also the differential equations for the veetor of light 
in the metal which are supposed homogeneous and linear, if the sine 
is replaced by a cosine. 

If the arc occurring in (7) is called %, also 


Acosyg—ıAsing’) 
satisfies. 
The light-veetor in tlıe metal can therefore be represented by 


Ae-?ra X Tube ER ala nee 
In this: 


sin T cos T\k, 
«(grins T + (ermo + sin =): eh) 


2 
cos T sin T 
s Een, = IR 
=(emo+: sin ü )% Gz < sini an (10) 


3. From (8) follows, that the planes of equal amplitude are 
represented by: 


= Di 2 CE le en) 
In this is, according to (9) 


sin T cost k, 


— + sin i U; 


= —sini 


As from (3) follows 


not „ werhave gg, =). 


-1) Lorentz showed that, also when a complex index of refraction is introduced, 
at the bounding plane the values of the light vector in the two media harmonize. 

Cf. Theorie der terugkaatsing en breking, 1876, p. 160. 

2) It appears from $ 5 of the previous paper (loc. cit. p. 381), that ifthe index 
of refraction is put 2, + kg, this expression is A cosp F. Asinp. 
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and the planes of equal amplitude mn parallel to the bounding 
plane. This is necessary as it is assumed that the light enters the 
metal from the outside. 

The planes of equal phase are represented by: 


ET Re. (12) 
If we introduce again n,:k, = cotr, then according to (10) 
0, sro) 
»,—=-k Be a ER aa 
Deu ke ne (13) 
k, sint 
I un Ei 
dent 2) 


4. Let «a be the angle between the normals of the planes of 
equal amplitude and phase. The former running parallel to the 
bounding plane or the YZ-plane, « is the angle of the normal of the 
planes of equal phase witb the A-axis. Thus eose=p,;: Vp’+q° 
or if we introduce the values p, and g, from (13) and (14): 


BEE a 
cosa—0ocos(t + w): \ ® cs®’(T+w)+ = (15) 
From this follows: 
sin? sin”i 
3n.0 — za [et +0) 4 | ne 3 
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a being the angle of refraction corresponding to plane waves with 
an angle of ineidence ? (see $ 2 of the preceding paper), we get: 
na’ = sin’ irn’ a = eo wor la + TI sintı, u Aal 
let the coefficient of absorption belonging to n be %. Normal to 
the planes of equal amplitude the amplitude decreases over a distance 
x in ratio 1 to e=?"iz:?, As, —=(, we get according to (8) and (9): 
2nrke  2now 
ae 
from which again follows, when cot r is substituted for n,: k 


(n, sin o + k, cos ®) 


k— k, 0 sin (T 4- ©): sin t 
or on account of (3): 
k—=6osanluto) . . 2... 2. (fe 

5. The fundamental equations follow immediately from the values 
found for the index of refraction and the coefficient of absorption. 
The equations (17) and (18) lead immediately to: 

n" — = 0°0°c0s2(t + w) + sin?i. 

According to (1) the second member of this equation is equal to 
0° cos 2 or according to (8) to n,’— A. In this way the first 
fundamental equation is obtained. 
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Further follows from (15), (17) and (18): 
1 
nkeosa= Br 0’ 0’ sin2(T+ w). 


According to (2) the second member is equal to 0? sin 2r and so 
according to (3) to n,%, and thus the second equation has also 
been derived. 

To conelude we may remark, that here the reversed course has 
been taken from that by which in the preceding paper the oceur- 
rence of the so-called complex index of refraction ‘was derived from 
the two fundamental equations '). 


Mathematics. — “A tortuvus surface of order suw and of gerus 
zero in space Sp, of four dimensions.” By Prof. P. H. Scuours. 


1. We begin by putting the following question : 

“In space Sp, are given three planes «,,a,,«e, and in these are 
“assumed three projectively related peneils of rays. We demand the 
“]ocus of the common transversal of the triplets of rays corresponding 
‘to each other.” 

Notation. We indicate the vertices of the rays of pencils by 
O0, 0, O,, three corresponding rays and their transversal by /,, Z,, /, 
and /, tlıe points of interseetion of / and /,/,/, by S,S,,,S, and 
the peneils of rays by (2), (2), (4,). Let further P,,, P,, P;. indicate 
the points of interseetion of the planes «a,,a,,a, two by two, and « 
the plane P,, P,, P,, which has a line in common with each of 
the planes «,, e,, a,, namely with «, theline P,P,,=«, with «a, the 
mer. r2,0,’with oe, the line P,P.=%: We take-for 
granted that not one of the three vertices O,, O,, O, coincides with 
One otthe BPomis’ 2... Lır 

2. The answering of the given question offers no more difficulties, 
as soon as the locus of point S, in «, is known; so we shall first 
find this. Each ray /, of pencil (Z) furnishing a single point S,, it 
is a rational curve, whose degree surpasses the number of times a 
transversal / passes through ©, with unity. Now two transversals 
! pass through O,. For the pencil of planes (0, Z,) with (0, e,) as 
bearing space and 0, O), as axis marks on the line of intersection 
m of (O,a,) with a, a series of points (P°) projectively related to 
the pencil of rays (/,), from which ensues that there are two rays {, 
passing through their corresponding point / and that therefore there 


t) See loc. cit. $ 5. 
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are two lines 0, P eutting the corresponding line /,, i.e. that two 
transversals / pass through (0,. So the locus of S, is a cubie ceurve 
s,’° having 0, as node, and so we find for the loci of S, and $, 
in «, and a, in tle same way rational eurves »,’ and 5,’ with 
0), and 0, as nodes. 


3. To determine the degree of the scroll of the lines / we first 
investigate what this seroll has in common with an arbitrary space 
through a,. Each point Q Iying outside «, which this space has in 
common with the seroll gives a line / having two points in common 
with that space, therefore lying entirely in that space. So that space 
can contain besides s,’ only a certain number of generatrices / of 
the seroll. As the line of intersection of «e, with the assumed space 
through «e, has three points in common with s,’ the number of 
seneratrices to be found is three and the scroll, having a system of 
lines of order six in common with the assumed space, must be a 
tortuous surface (* of order six. So it is cut by an arbitrary space 
according to a twisted curve of order six; this section in general 
not degenerating is rational, its points corresponding one by one 
to the lines / and therefore to the rays of each of the peneils 
(11), (4), (45). Do the surface is of genus zero. 

We call the locus just found — however not yet what was meant 
in the title — a surface, to show by this that the number of points 
is twofold infinite; by the predicate “tortuous” we express that it 
is not situated in a threedimensional space. 


4. By considering the three projective series of points (A,), (A,), (A,) 
marked by the three projective pencils of rays (/,), (2,), (/,) on a,, a,, a, 
we easily prove that the plane « contains three generatrices of (0°, 
For it happens, we know, three times that three corresponding points 
A,4,4, of tbe projective series of points (4,), (4,), (4,) lie in a 
same right line, which then becomes a generatrix 2 of 0°; for, the 
conies enveloped by the lines A, 4, and A, A, connecting each point 
A, with the corresponding points A, and A, have besides a, still 
three common tangents. 

To the rule that the tangents in a point of (0° drawn to O° are 
situated in a plane, the points of intersection 0f two non-successive 
generatrices / form an exception. In such a point, through which 
the surface passes twice, a tangential plane will belong to each of 
the two lines /; so it can be called a “biplanar node”. From the 
above is evident that ()° possesses six biplanar nodes, the three 
points 9,0, 0, and the three points of intersection of the genera- 
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trices Iying in a; moreover we shall see directly that the number 
of those nodes is in general six, becoming infinite when it surpasses 
six, as takes place in the surface to be considered presently and 
which is indicated in the title. 


5. We point out the fact, that the found surface O* is determined 
by the projective correspondence of the curves s,’ and s,’ in a, and 
a,, and we now show that this correspondence, characterised by the 
particularity of the corresponding triplets lying on a, and a,, isnot 
the most general one can think of. To that end we take two rational 
curves s,' and s,’ intwo planes a, and «,, which planes for convenience’ 
sake we assume for the present to be lying in our space, and which 
eurves with the nodes O, and O, we suppose to be brought into 
projective correspondence in the most general manner. Are there 
then — we ask — to be found on s,’ three collinear points to which 
on s,’ three likewise collinear points correspond? The answer runs 
affırmatively; what is more: each point of s,’ forms one time a 
part of such a triplet and the bearing lines form a pencil of rays. 
If namely the point A, of s,’ corresponds to the point A, taken 
arbitrarily on s,’, and if the central involution of ihe points B,, 0, 
of s,’ collinear with A, is represented by (B, C\), the non-central 
involution of the corresponding points B,, C, of s,’ by (B, C,) and 
the central involution of the points B,', C,' of s,’ collinear with A, 
by (3,'C,'), then the two involutions (B, C,), (B,' C,') have a pair 
of points in common. If B,°, 0,° is this pair and B,°, C/° ons,’ the 
pair corresponding to it, then A,, B,°, C,° and A,, B,°, C,° are two 
corresponding collinear triplets. If now Q, is the point of intersection 
of two such like lines /', 2" in «a, and Q, the point of intersection 
of the corresponding lines /,,Z," in a,, then the triple involution 
(A, B, C,) marked by the lines through Q, in s,’ must correspond 
to the triple involution (A, 2, C,) marked by the lines through 
Q, in s,’, with which we have proved what was asserted above. 

With the aid of the preceding it is easy to show in how far the 
particularity of the corresponding triplets lying on a, and a, is a 
real one or an apparent one. With respect to the planes «, and a, 
placed in our space it is evidently' an apparent one; for not one time 
but an infinite number of times it happens that three collinear points 
of s,;? correspond to three likewise collinear points of s,’. If the 
planes «a, and «a, are placed in Sp, in such a& way that an arbitrary 
point P, of a, coineides with an arbitrary point P, of «a,, then 
however the three points in which s,’ is cut by the line P, Q, will 
correspond to three collinear points of s,’, but the line er Q, 
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bearing the last three points will in general not pass through 
P,—= P.. So then there are no lines a, and a, to be drawn through 
the point of interseetion P,, of the planes a, and «, cutting s,’ and 
s,° in corresponding triplets. 


6. We shall now consider the more general case of two projectively 
related cnrves s,’ and s,’ lying in such a way in «, and «, that 
through the point of intersection P,, no triplets of corresponding 
points bearing lines a, and a, are to be drawn. The argument leading 
to the order of the seroll, which is the locus of the line connecting 
the corresponding points of those curves, retains here its force. So 
we have but to determine the number of nodes. Of course 0, and 
O, are nodes. If farthermore A,A, and B,B, are two generatrices 
cutting each other outside «, and «,, then A,5, and A,D, pass 
through P,,, as they must cut each other. So we consider the central 
triple involution (A, B, G,) marked by the pencil of rays with P,, 
as vertex in s,’ and the non-central triple involution (A, B, C,) of 
the corresponding triplets of s,°; then the latter furnishes as envelope 
of the sides of the triangles A, B, C, a definite eurve of involution 
which makes us acquainted by the number of its tangents through 
P,. with the number of nodes not lying in a, and «a, of the new 
surface 0°. Now the class of the indicated curve of involution is 
four ; for evidently four tangents pass through the node O, of s,?. 
If to the two points of s,’ coineiding in O0, the points M,,N, on 
s;” correspond, and if P,M, and P,,XN, eut the curve s,’ still in 
the point M,, M," and N,', N,", then the lines connecting P,, with 
the corresponding points M,', M,'", N,, N," are the only tangents of 
the curve of involution passing through P.,. So 0° has here also 
six _nodes. 


7. It is now easy to see that the first surface 0° of the three 
projective peneils of rays is found back, if the correspondence of 
the curves s,’ and s,’ is given in such a way that through the point 
of intersection P,, of a, and «, lines a, and a, pass bearing two 
triplets of corresponding points. The plane a,a, is then again a plane 
a through three generatrices of 0° and the line a, represents three 
of the four tangents to be drawn through P,, to the above found 
curve of involution, whilst the fourth tangent causes us to find a 
node not Iying in a,e, or «. If we now cut the surface by the 
space determined by « and. this node, the section will consist ofthe 
three generatrices in « and a curve of order three with a node, 
i.e. a rational plane cubie curve. The plane of that curve is then 


( 493 ) 


the plane «,, the node of that eurve the point O, of the first generation. 


8. We now ask what arises when the planes «a, and «, are 
placed in such a way in Sp,, that the points Q, and Q, coincide and 
therefore each line drawn through the point of coineidence P,, in 
a, iS to be regarded as line a,. We then find that to every line a, 
through P,, in a, a definite line a, through P,, in «, corresponds, 
so that there is an infinite number of planes «a. The locus of these 
planes @ is a quadratic conie space with P,, as vertex; for the 
peneils of rays of the lines a,,a, through P,, corresponding to each 
other in a,,a, are evidently projectively related. This quadratic conie 
space must contain, as it contains all generatrices of O°, this tortuous 
scroll itself. 

Now that the generatrices of this particular surface 0°, being the 
surface indicated in the title, group themselves into iriplets lying in 
a plane, there must be a locus of nodes. This is of order. four. If 
namely we project the surface 0° by means of the just found qua- 
dratie conie space out of P,, on to an arbitrary space not containing 
P,,, the projection is a quadratic scroll having the projections of the 
planes @ as a system of generatrices. Of this surface O0? the projec- 
tions of «, and «a, form thus two lines of the other system ; for each 
of those two planes has a line in common with each of those planes 
«a and from this ensues that the sections of «, and «, with the space 
of projeetion must have a point in common with the sections of the 
planes « with that space of projection. So in that space of projec- 
tion each plane through one of the two lines contains a line of the 
system corresponding to the planes «a and therefore the projections 
of four nodes, namely one on the first line and three on the second. 
So the projecetion of the nodal curve out of P,, on to the assumed 
space of projecetion is a curve of order four Iying on O?, which has 
one point in common with each of the generatrices of one system, 
and Zhree points with each of the generatrices of the other system. 
So the nodal curve itself is a tortuous curve of order four; it is 
rational as its projection is. 

Considering the surface 0” we see at the same time that the sur- 
face 0° admits of an infinite number of planes cutting it according to 
'a rational eubie curve, namely each plane through ?,, and one of 
the lines of the system to which the projections of «a, and «, belong. 

So we find the following theorem : 

«J]f we assume in two planes «a, and «a, two projectively related 
“rational cubie curves, if in these planes we determine the vertices 
“Q,, Q, of the corresponding central triple er those 
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“curves and if now we place those planes in S, in such a way that 
«Q, and Q, coincide in the points of intersection 7, of the planes, 
“the locus of the line connecting the pairs of corresponding points of 
“the cubie eurves forms a tortuous surface with the following properties: 

a. “It is projected out of P,, by a quadratic conie space, on 
“which two systems of planes are Iying; 

b. “It is cut by each plane of one system according to a cubie 
“curve with a node, by each plane of the other system according 
“to three ‚generatrices ; 

c. “The cubie curves in two planes of the first system have no 
“point in common, neither have the triplets of lines in two planes of 
“the second systems; each cubie curve, however, is cut by each 
“generatrix ; 

d. “The generatrices cause a mutual projective correspondence 
“among all cubie curves and the cubie curves among all the gene- 
ratrices.”’ 


9, From the preceding ensues immediately that the tortuous scroll 
with a nodal curve k* can be represented on a plane. If in a plane 
o we assume arbitrarily two pencils of rays with different vertices 
T,, T,, and if we allow three arbitrary rays a,, d,, c, ofthe former 


to correspond to three rational cubic curves Sn sy IA of O', three 
J 


arbitrary rays a,, b,, c, of the second io three generatrices la), 1») 


lc of 0°, then to each rational cubie curve DAN corresponds a definite 


ray p, 0X the first pencil, to each generatrix Z,, corresponds a definite 
ray g, of the second ; so we can assign the point of intersection of 


5 and 4) to the point of intersection of p, and q,. The elements 


of exception of that representation are immediately found. If to the 
line connecting the vertices of the pencils of rays counted with the 
first pencil the curve s* corresponds and counted with the second pencil 
the generatrix /, and if S is the point of interseetion of s’ and /, 
then to point 7, corresponds the line /, to point 7, the curve s? and 
reversely to point S the line 7, 7T,. To each point P of the nodal 
curve &* correspond two points P', P" of o collinear to T,, because 


in tbe correspondence of 5 to /p) the node of 5 represents two 


different points and two points of X,, correspond to this point. As 
T, forms part of two representing pairs, the pairs belonging to the 
nodes of the generatrix Z belonging to 7‘, this point is node and 
the curve of order four. This is also evident when we consider the rays 
of the other pencil. On each ray q lie two points of the curve forming 
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part of pairs corresponding to the points of the nodal curve Iying 
on Zg, whilst 7, corresponding to the node of the curve 8 is 
likewise node of the curve. So in o to the nodal eurve k* corresponds 
a curve A*(T,’, T,?), having 7, and 7, as nodes and being of genus 
unity. And to the rational space sections k* of 0° correspond in o 
eurves k*(T,,T,’) through 7, with 7, as triple point, which is 
found immediately when we remember that an arbitrary space has 
three points in common with each of the rational eubie ceurves of O° 
and one point with each generatrix of 0°. As is proper each of 
those rational curves A (7,, 7',°) has with the representation &'*(7'°, T,) 
of the nodal curve 4* hesides 7, and 7‘, four pairs of points in 
common, corresponding to the four points of the nodal curve Iying 
in the selected space, whilst two curves &* (7, T,’) cut each other 
besides in 7, and 7, in six points corresponding to the six points 
of intersection of 0° with the plane of section of the two spaces. 


10. The locus of the bisecants of a tortuous curve of order four 
is a curved space of order three having the indieated curve as nodal 
curve. For the twofold infinite number of bisecants furnishes a triple 
infinite number of points and three of these lie on an arbitrary right 
line /, because the curve projects itself out of ! on to a plane not 
intersecting / as a rational curve of order four and this plane curve 
possesses three double points. If we apply this to the nodal curve 
k* of 0°, taking into consideration that the generatrices of this scroll 
are all bisecants of A‘, we find: 

“The tortuous scroll 0° with the nodal curve k* is the complete 
section of a quadratie conic space with a curved space of order three, 
of which the first passes once, the second twice through k*.” 

Whilst the cubic space is the locus of the bisecants of A‘, the 
quadratic conie space with P,, as vertex is the locus of the planes 
containing three points of A* and passing through P,,. 

The tortuous surface 0° with a nodal curve A* is determined by 
this curve and the point P,,. As P,, lies arbitrarily with respect to 
k*‘ each tortuous curve A? in Sp, is nodal curve of a fourfold infinite 
number of surfaces O*. 


11. We observe that the case just considered of the correspon- 
dence of the curves s,’ and s,’, where a tortuous scroll with a 
double curve A* is formed, is not the most particular one that one 
can think of. If for instance — instead of starting from two rational 
curves s,’ and s,’ taken arbitrarily in «, and a, — we start by making 
the pointfields a, and «a, to be in projective correspondence and then 
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continue to assume two rational curves s,’ and s,’ corresponding 
to each other in this manner, then of course to every three col- 
linear points of s,’ correspond three likewise collinear points of 
s,’, and therefore we can take for the above determined pair of 
points Q,, Q, any corresponding pair of points of a,«e,. In this 
special case a plane « through three generatrices will present itself 
already for arbitrary position in Sp, and the position, that an infinite 
number of those planes present themselves, will be able to be brought 
about in-a twofold infinite number of different ways; in the last 
case however the three generatrices Iying in a plane « pass through 
a point, as the series of points lying on the lines of intersection 
d,,a, of this plane with a,,«, are perspectively related, so that the 
locus of the nodes becomes a conic instead of a 4‘. In both cases 
surfaces 0° are formed differing from the above also in this respect 
that they admit not only of a single but of a twofold infinite 
number of spaces through three generatrices. 


12. Also when we start from two projective rational curves 
s’, s;° in not projectively related fields a great number of Er 
cases are left for consideration. So the point of intersection P,, 0 
the planes «,, a, can lie 

a. on one of the curves s?, 

b.on ıboth ceurves’s’; 

c. on the two curves s’ and correspond to itself, 

d. it can be the node of one of the curves s°, 

e. it can be the node of one of the eurves and Iying on {he other, 

f. it can be the node of one of the curves and forming on the 
other part of the two points corresponding to this node, 

g. it can be the node of both curves, 

h. it can be the node of both curves and in such a way that one 
pair of points coineiding in this node has a point in common with 
the other, 

i. it can be the node of both curves and in such a way that the 
pairs of points coineiding in this point correspond to each other. 

Of course the number is still increased if we further permit 
the pointfields «, ‚a, to be projectively related. We do not wish to 
investigate more closely all these special cases. Neither do we intend 
to investigate here the scrolls presenting themselves in both cases 
of projective or non-projective pointfields «a, ‚a, as the locus of the 
line P,P, eonnecting corresponding points P,,P, of other curves 
of the same genus and of the same order, which are projectively 
related. We only wish to observe that these scerolls will lie in the 
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case of the projectively related pointfields a,«e, on the locus of 
the line P,P, connecting corresponding points P,,P, of the planes 
@,,a,, which is a quadratic or a cubie space according to the point 


of intersection P,, of «, and «, corresponding to itself or not. 


13. We conelude with the deduction of the equations of the above 
found cubie and quadratic spaces which have in common the 
surface 0° with the nodal eurve k* and to this end we start from 
this curve. If the curve &* is given by the system of equations: 

De Nee ec) 
— and in this way the simplex of coordinates can always be taken —, 
and if the point which is the vertex of the quadratie conie space 
with respect to that same simplex has the coordinates (y,, Y,, Ya Ya» Ya) 
then the equations 


Dura, | 


8, 8, 


3 
| 
oO 
I 
oO 


(2) 
20.4193 9 
Yı Ya Y Y4 
represent those two spaces. We see namely immediately that the 
first determinant by insertion of the relations (1 shows three equal 
rows, i.e. that the cubic space represented by the first equation must 
have the points of the curve %* as nodes, and must thus contain each 
bisecant of 4*. Further it is equally clear that the second deter- 
minant by insertion of the relations (1) shows two equal rows and 
that, when substituting y; for wi, two pairs of equal rows appear, from 
which ensues that the quadratic space represented by the second 
equation passes through 4* and has a node in y. 

A more direct deduction of the equation of the locus of the 
bisecants of the curve Ak‘ was communicated formerly (Proceedings 
of the February meeting of 1899 vol. I, page 313). It is founded 
on the wellknown lemma, according to which the product of two 
matrices M,”% and N1,”* with r rows and & columns, taken according 
to the rows, vanishes identically for r >. This same lemma leads 
to the deduction of the equation of the locus of the planes con- 
taining three points of A‘, and passing through (Y,, Yı, Y2, Y., Y.). An 
arbitrary point P of the plane P, P, P, through the points P, PP, 
of k* corresponding to the parametervalues A,, A,, 2, is represented by 

oes=p it Mit, 1, k=0,1,23,3,4.... 0) 

If the plane P, P, P, passes moreover through the given point 

Yo Y» Ya» Ya, Ya), also the relations 
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oy=qylAtrtgiitgii; (= 123,34...» (4) 
hold, and now the equation sought for is found by eliminating the 
nine quantities A, 2,2, Pr Pa» Pas I, 9», Q, Out of the ten equations 
(3) and (4). This takes place by inserting the values given by (3) and (4) 
in the left hand member of the second equation (2). For by this we find 


ER RD A le 
0:0: NETT, & 2 A PA PA PiA: I: 
Yo Yı Ya Ya | | Ar" Ast A,"  % 9 
ı Yı 92 9 %4 a’ a,’ 2,’ gılı Iadz Qadı 


We considered in tbe above cited communication equations forming 
the extension of the first of the equations (2) to the curve A? of 
the space Sp2n. In connection with this we shall notice that the second 
of the equations (2) admits of corresponding extensions, in which 
those of the first are included. However, these will be developed 
elsewhere. 


Mathematics. — “The Pıücker equivalents of a cyclic point of a 
twisted curve.” By W. A. Verstuvs. (Communicated by Prof. 
P. H. ScHoUTE. 


If a twisted curve C admits of a higher singularity (cyclic point) 
of order n, of rank r.and of class m, it is to be represented accord- 
ing to HaALPHEN!) in the vieinity of this singular point M by the 
following developments in series: 


Dial, 
vet [il 
z = ttrtm |], 
where [7] represents an arbitrary power series of t, starting with a 


constant term. 
If n, r and m satisfy the conditions that 


1» n and r, 

2° r and m, 

sw n and r+m, ei) 
4° n-+r and m 


are mutually prime, then this higher singularity M (n, r, m) for 


Y) Bull. d.]. Soc. Mat. d. France t. VI p. 10. 
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the formulae of Caruer-PLücker and for the genus is equivalent to 
the following numbers of ordinary singularities : 
n—1 cusps-ß, 
(n—1) (n+r—3) 
er Tag 
m—1 stationary planes «, 
en double planes @, (B) 
r—1 stationary tangents @, 
(r—1) (r+m—3) 
2 
(r—1) (r+n—3) 
2 

For a curve with only ordinary singularities we always have 
0 —=w_,. 

If tbe curve admits of higher singularities, then the tangents in 
these singular points will not have to count for as many double 
tangents to the curve as they must count for double generatrices of 
the developable belonging to the curve. The number ® will then be 
different for the formulae of CAYLeY-PLücker, relating to a section 
and for those formulae relating to a projection, i. 0. w. the singularity 
& of a twisted curve appearing in a term («+ w) is not always the 
‚, same as the one appearing in the term (y-+ w). 

So the formula 


nodes H, 


double generatrices w,, 


double tangents w,. 


y-a—v-u') 
is no longer correct as soon as the curve has higher singularities 
for which order and class are unequal. 

The above as well as the following results do not hold for a 
common cusp ß(2,1,1) and for a common stationary plane « (1,1, 2), 
the conditions (A) not being satisfied for these cyclie points. 

Through the singular point M (n,r, m) pass 

n (n+2r+m—4) 
2 
branches of the nodal curve of the developable O belonging to the 
curve (. | 

All these branches touch the curve C in M and have in M with 

the common tangent 


(nr) (n+2r-tm—4) 
2 


coinciding points in common. 


1) Sıruon. 3 Dim. $ 327. 
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These branches have in M the same osculating plane as C and 
with this osceulating plane they have in M 
(n+r+m) (n+2r--m—4) 
2 


coinciding points in common. 
From the conditions (A) ensues that (n+2r-Hm) is even, so that 
the three above numbers are integers. 
The second polar surface of O according to an arbitrary point 
meets in the point M (n,r, m) the cuspidal ceurve 
(n+r—2) (n+4+r+m) 
times and the nodal curve 
n+2r-m—4 
IT (n+r—2) (n+r+m) 


times. 
Each point R, where the tangent in M still meets a sheet of 


the surface O, counts for 
r -rm—m—r 
points of intersection of the nodal curve with the second polar surface. 
In the equation of OREMoNA') serving to determine 2 (number of 
cusps of the nodal curve) we must add for every singular point 
M {n,r, m) in the second member of the equation a term 


(n+r—2) (n+r-+m). 

In the equation of CREMONA ?), serving to determine r (number of 
triple points of the nodal curve) we must add for every singular 
point to the second member of the equation a term 

n+2r+m—4 
2 
and for the corresponding points R a term 
(r+2r+m 4) (r+m) (r— 1). 

The decrease of % and r arising from the presence of a point 
M (n,r,m) is not equal to the decrease of A and r caused by the 
ordinary singularities necessary to form a singularity M (n, r, m). So 
the equivalence of the values expressed in (B) does not extend to 
numbers which are found by means of a second polar surface. 


(a+r—2) (a+r+m) 


Delft, November 1905. 


1) CREMONA-CURTZE, Oberflächen $ 104. 
3) loc. cit. $109. 
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Astronomy. — “Preliminary Report on the Dutch expedition to 
Burgos for the observation of the total solar eclipse of 
August 30, 1905,” communicated by Prof. H. G. van DE 
SANDE BAKHUYZEN, in behalf of the Eclipse Committee. 


In March 1904 the Eclipse Committee determined to fit out on 
a small scale an expedition to Spain to observe the total solar 
. eclipse of August 30, 1905. The means for it were found from some 
liberal gifts of private persons and of societies (Provinciaal Utrechtsch 
Genootschap, Teyler’s Stichting, Utrechtsch Oud-Studentenfonds, Natuur 
en Geneeskundig Congres). As observers the same persons were 
appointed who had been sent to Sumatra in 1901: Messrs. W..H. 
Junıus, J. H. WırTerndink and the undersigned. The observations were 
to include the spectrography of the corona and of the sun’s limb 
and, provided a fourth observer should offer himself to join as a 
volunteer, the radiation of heat of the corona. 

A volunteer was soon found in the person of Mr. Mott, assistant 
for physies at Utrecht, and so the entire programme could be 
worked out. 

The outfit of the expedition consisted of: 

a siderostat with a coelostat apparatus; 

two slit-spectrographs, to be directed on the coelostat mirror ; 
a prismatic camera, to be directed on the northern polar mirror; 
a heat actinometer; 

a pyrheliometer; 

a sextant with accessories; 

three chronometers and other auxiliary apparatus. 

As the prineipal instruments were also used for the eclipse of 
1901, I refer for the description of them to previous publications 
(These Proc. III p. 529). 

The sextant and two of the three chronometers were kindly placed 
at our disposal by His Excellency “de Minister van Marine” out of 
the collection of instruments at Leyden. 

O: the 13th of August the party arrived at Burgos. This town had 
been chosen for the observations not only on account of its favou- 
rable situation and other outward advantages, but also because, as 
far as was known at the time, it would not be visited by other 
expeditions. These advantages were lost through the visit of H.M. the 
King of Spain, on which occasion the town council of Burgos organised 
a series of festivities which seriously interfered with the astronomical 
work. For it is chiefly owing to those feasts that in spite of all 
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endeavours we could get no assistants from among the educated 
inhabitants of Burgos. At last one volunteer was found for the 
spectrographie observations, and fortunately on the day of the 
eclipse some assistants offered their help; without this help the 
measurements of the heat radiation especially would have been 
entirely impossible. 

The eclipse has been observed under very untoward eircumstances. 
The station of observation, the hill Lilaila, at 3 kilometers south east 
of Burgos (some 18 kilometers north of the central line) was a true 
desert of sand where clouds of dust and sand were blown üp by 
the usually very strong wind, from which the tents, kindly lent ns 
by the Spanish war administration could only partly protect the 
instruments. 

Especially the siderostat, which as a matter of course could not 
be entirely covered, suffered very much from the sand-storm ; although 
it had been cleaned on August 29, the wheelwork did not work 
properly on August 30. The piers once being erected, it was impossible 
to change the station of observation,; moreover, Lilaila offered the 
advantage that we could make use of the determinations of time 
and geographical coordinates made by the Madrilenian astronomers 
in whose camp our instruments were standing. 

The weather on the eclipse day was very unfavourable. The 1% 
contact could not be observed owing to clouds, and though there 
were some bright moments between the 1° and 2"d contact, the 
observation of totality seemed hopeles. One minute before the 
2»d contact the rain ceased, the caps of the siderostat mirror could 
be taken off, the clouds broke, and the corona was fairly visible 
during 3'/, minutes, sometimes even clearly visible. 

Unfortunately totality began 20 seconds earlier than the computa- 
tion had predieted, — it seems that also in Algiers and at other places 
in Spain a fairly large difference bas been stated between observation 
and computation — so that the observers were taken by surprise by 
the phenomenon, much to the detriment of a smooth carrying out 
of the programme. 

For a detailed description of the observations I refer to the annexed 
papers, which show that the results for some instruments, the very 
unfavourable circumstances considered, may be called satisfactory. 

At the end of my report I wish to acknowledge thanks to the 
Madrilenian astronomers, who hospitably made room for us in their 
camp and who were very. obliging to us in all respects; to the 
Spanish eivil and military authorities who kindly allowed us exemp- 
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tion from import-duties and placed some tents at our disposal; and 
lastly to the Compaüiia del Norte who forwarded the luggage of the 
eclipse party by express at reduced rates. 


The Secretary of the Committee 
A. A. NIJLAND. 
Utrecht, November 1905. 


SUPPLEMENT I. Measurement of the heat produced by the integral 
radiation of the corona and of the solar disk, by 
Prof. W. H. JuLms. 


The object of our heat observations was, as in 1901, 1st. to settle 
the question of the order of magnitude of the coronal radiation, and 
2nd, to determine the curve of the total radiation from the first until 
the fourth contact, with the aim of deriving from it the distribution 
of the radiative power over the solar disk. 

The investigation has been carried out with the same actinometer 
that had been constructed for the Sumatra eclipse '); in it the rays 
are caught directly on a thermopile, without the intervention of leuses 
or mirrors. As long as the radiation was sufficiently intense, absolute 
determinations with Änesrröm’s pyrheliometer were also made at 
intervals, in order to make sure whether the indications of our 
sensitive actinometer might be considered proportional to the received 
radiation. Such proving to be the case even for intense radiations, 
we were quite justified in assuming proportionality also to exist for 
the feeble radiation falling beyond the range of the pyrheliometer. 

The astronomers of Madrid had a small house built in the obser- 
vation camp; they kindly allowed us to dispose of one ofthe rooms 
for setting up the galvanometer and performing the necessary 
laboratory work. 

Four persons were required for manipulating the apparatus, two 
inside and two outside the room. Mr. W. J. H. Mouz, who has also 
had a prominent share in the preparation of the observations and 
the setting up of the instruments, was in charge of the absolute 
measurements and of noting down all the readings together with the 
corresponding times. The operations of directing and exposing the 
actinometer and the pyrheliometer at signals, given by the observers 
inside the room, were performed very punctually by P. ELEUTERIO 
Marrtınez S. J., phys. prof. at Valladolid, and P. AnToNıo DE 


1) Total Eclipse of the Sun. Reports on the Dutch Expedition to Karang Sago, 
Sumatra, N. 4. Heat Radiation of the Sun during the Eclipse, by W. H, Juuus, 
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MADARIAGA, S. J., theol. prof. at Burgos, to whom we express once 
more our sincere thanks for their very valuable assistance. I myself 
regulated the resistance in the circuit of the thermopile, and read the 
galvanometer deflections. 

The conditions for measuring radiation were much more favourable 
now at Burgos than during the 1901 eclipse at Karang Sago; for 
then the phenomenon was permanently veiled by rather thin clouds 
of very variable transpareney, covering the whole sky; this time 
heavy clouds caused the Sun to be indeed absolutely invisible now 
and then, but between the epochs of the first and the fourth eontaet 
there were intervals in which the phenomenon showed itself in per- 
feetly clear patches of the firmament. The favourable periods have 
all been utilized; thus we were able to determine some parts ofthe 
radiation curve very sharply. After the results of the 81 observations 
had been plotted down on millimeter paper, we saw that the missing 
parts of the curve could be inserted with a fair chance of exactness. 

Fortunately the time between second contact and 11 minutes after 
third contact was among the favourable periods. This period, however, 
had been preceded by full half an hour during which no obser- 
vations could be made; and as the rift in the clouds, through which 
totality just became visible in our camp, came quite suddenly, we 
were not prepared and lost at least a minute after second contact 
in arranging our apparatus for highest sensitivity. Nevertheless we 
compared three times the radiation of the corona with that of a 
portion of the sky at a distance of about four degrees from the Sun. 
The observed deflections were 9, 13 and 33 scale divisions; then a 
sudden increase showed that totality was over. The effect produced 
by full sunshine corresponded to 1800000 divisions, when reduced 
to the same resistance of the eircuit. So the smallest effect observed 


during the total eclipse was — Of the radiation of the uneclipsed 


200000 
Sun, or about ?/, of the radiation of the full Moon. This value 
must be considered as an upper limit to the radiation 
emitted by those parts of the corona, which were not 
screened by the Moon at the epoch of central eclipse. 
Indeed, the radiation must pass through a minimum about the middle 
of totality, and we are not sure that the first of the three obser- 
vations above mentioned corresponded exactly to the central position. 
Moreover, since a few thin clouds may have traversed the compared 
fields, there is some uncertainty left. 

An account of the observations made before and after totality and 
a copy of the resulting radiation curve will be found in the com- 
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plete report shortly to be published. The shape of the unscreened 
part of the solar disk being known for every moment, and the 
corresponding radiation being given by tlıe ordinates of the curve., 
we have the data for caleulating how the apparent emissive power 
increases from the limb unto the centre of the disk. This method 
avoids certain sources of error by which the results must be disturbed 
when the distribution of the energy is measured in an image ofthe 
Sun, viz.: the diffusion of rays by the Earth’s atmosphere and by 
the optical train, as well as the consequences of variable radiation 
emitted by the apparatus. We find a greater difference between the 
heat from the limb and that from tke central parts, than has been 
obtained by the other method. According to our measurements the 
decrease of the integral radiation from the centre to the limb follows 
nearly the same law that was found by H. ©. Vocer, with the 
spectrophotometer, to hold for rays of wave-lengths between 500 
and 600 uu. 


SupPpLEMENT Il. The prismatic- camera. By Prof. A. A. NisLanD. 


The prismatice camera was mounted above the northern polar 
mirror in such a manner that the dispersion direction is almost 
perpendicular to the expected crescents of the first and the second 
flash. 


The programme was as follows: 


1st flash: 5 exposures, each of '/, second on one plate at intervals 
of 3 seconds ; 

totality: 2 corona exposures, each of one minute and a half, at two 
different positions of the instrument so that the plate in the 
second position might show a part of the spectrum which 
did not occur on the first corona plate. 

Ind flash: 5 exposures in the same manner as those of the 1 flash. 


CADETT’s spectrum plates were used. 

As soon as we found that we could not count upon assistance 
of volunteers I had after some training acquired the necessary 
skill to carry out this programme, yet I disliked the prospect of 
having to do everything entirely by myself. Therefore I gladly 
accepted the help of Dr. J. Kapran (from St. Petersburg) who, having 
'arrived at Burgos on August 29, immediately offered his assistance. 
I wish to express here my cordial thanks to him for his skillful aid. 
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The two corona negatives show traces of the corona rings 4 3987 
and 4 5303. In consequence of the general cloudiness the plates are 
veiled, to which it is undoubtedly owing that the very bright green 
corona ring, which visually was so clearly visible, has produced such 
a faint image. 

The plate taken of the second flash failed entirely because the end 
of totality took place 20 seconds earlier than had been computed, 
and took me by surprise while I changed the plates. 

Also the first flasi came 20 seconds before the time computed; 
fortunately through a window in the tent I observed the rapid 
approach of totality, and could start the series of 5 exposures long 
before the warning sign agreed upon was given. It later appeared 
that the second negative has caught about the second contact. 

The second negative shows a great variety of details, which in 
the ultra violet have suffered so much from absorption that for those 
parts of the spectrum the first negative, taken 3 seconds before 
totality, forms a very welcome suppiernent. These two spectra together 
show between 2 470 and 2 367 350 crescents of very different 
length and brightness; in the discussion of the meaning of the 
observed particulars the three other negatives may also be used to 
advantage. This discussion is reserved, however, for a more detailed 
report; Il only mention that the enigmatie doubling of the flash 
crescents of 18 May 1901 can, in the case considered here, occur 
only for wave-lengths above y 434. Though from this it follows 
that the doubling may be partly due to the slanting position of the 
plate the possibility of the existence of double lines in the flash 
spectrum is noways excluded by this. 

A closer consideration of this question is also reserved for a more 
detailed report. 


SUPPLEMENT I]l. Report on the operations with the two slit-spectro- 


graphs for the solar eclipse of August 30,1905 by 
J. H. WILTERDINK. 


Operations at Leiden. The instruments, constructed for the solar 
eclipse of 1901 arrived here such a short time before they had to 
be sent off to Sumatra that a thorough investigation of them was 
then quite out of the question. This has been made now. 

As had been decided upon the siderostat provided with a coelostat 
apparatus would serve to feed the three spectral apparatus, and in 
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order to render the mounting more simple, the eoelostat mirror would 
be used for both slit-speetrographs instead of the southern siderostat 
mirror. - 

The Eelipse Committee had consented to an alteration of the 
elock-work of the coelosiderostat, so that the number of the wheels 
in outside gearing, of which some were very diffieult to get at for 
cleaning, was reduced from 5 to 2; I had this constructed by 
Mr. Gautier. The clock-work was received here in the middle of 
July 1905. It has worked excellently. 

The two spectrographs were carefully examined and eleaned. 

I determined the zeros of the micerometer serews, indicating the 
slit-width, by means of diffraction observations, a method which 
allows of an aceuracy of some mierons. The adjustment of the slit 
in the prineipal focus of the collimator object glass, which could not 
be easily done with the desired accuraey in a direet way, was 
indirectly performed in the following manner. By photographs made 
according to the method of Hartmann I determined the position of 
the photographie plate in the prineipal focus of the camera object 
glass. Then the collimator was placed as a source of light in front 
of the camera object glass, and the same photographs were made 
again. From the difference between the focus found now and the 
prineipal focus found before we could derive how much the slit 
had to be removed in order to bring it in the principal focus of 
the collimator object glass. 

In this experiment it appeared however that both the collimator 
and the camera object glass of the large spectrograph had a very 
great spherical aberration, and with full aperture they were unfit to 
form sharp images, wbile a diaphragm would cause a loss of light 
which, with a view to our purpose, was inadmissible. 

Therefore I ordered of STEINHEIL new object glasses; a single 
object glass with a field of sharp definition of 2° for the collimator 
and a compound one with a field of sharp definition of 15° for 
the camera. 

Neither of them were in store and in the available time this firm 
could only supply object glasses of the first kind of which two pieces 
were sent to me. 

Although their fields of sharp definition were too small for the 
camera I determined to try them also for this purpose, as the 
middle of the speetrum was of chief interest for the photograph 
intended. The spherical aberration was exceedingly small. 

Meanwhile the Steamboat Company had sent word that every- 
thing had to be shipped 10 days earlier than had been an upon, 

Proceedings Royal Acad. Amsterdam. Vol. VII. 
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50 that there remained no time for further experiments in Holland. 
The object glasses of Zeiss of the small spectrograph were found to 
be in excellent order, this instrument had produced very fine spectral 
photographs. In order to slide the photographie plate for this instru- 
ment during the flash phenomenon I put the elock-work in order 
which in Sumatra had served for the motion of the axis carrying 
the four photographie cameras. I devised an arrangement which 
let slip the cord, fastened to the plate-holder, with greater velocity 
than had been required in Sumatra. 

As photographie plates I chose, after experiments for comparison 
with four different kinds of Schueussner’s plates, his “Sternwarte” 
and “orthochromatie” plate. At the last moment I fortunately obtained 
two kinds of plates of CapertT, known to be very good. 


Operations at the camp. DBesides the mounting of the different 
instruments, the operations at the camp included therefore also 
several experiments, as: tests for comparison of the old and new 
object glasses and tests of the German and English plates. 

ÖOwing to a delay in the construction of the pier, and because 
I had to take charge of two instruments, whereas according to the 
original plan of the expedition each spectral apparatus would be 
worked by a separate observer, and also owing to the continual 
disturbances from the side of the public, these operations did not 
get on at the desired speed, so that at the last moment a great 
many things remained to be done and the necessary calmness, which 
in America in 1900 and in Sumatra in 1901 so much contributed to 
regular proceedings, was entirely wanting. 

After tests for comparison we chose for object glasses those of 
STEINHEIL, and for plates the English ones, especially as the ortho- 
chromatie plates gave a much more regular speetrum than the 
German plates of the same. kind. 

Assistance, so easily obtained at the previous expeditions was 
diffieult to get here. Though several weeks before we had asked 
for it on all sides, a promise of assistance reached us only a few 
days before the critical moment. Not much could be expected from 
it, but I myself intended to work the small spectrograph with the 
sliding plate-holder and I hoped that the very simple operations with 
the large spectrograph would offer no diffieulties. Joint rehearsals as 
were held for days together in America and Sumatra were quite 
out of the question owing to the above mentioned eireumstances. 
Yet, though all things were so different from what we might wish 
them to be, I still hoped to obtain useful results. 
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This, however, has not been the case. 


The day of the eclipse. _Through the unfortunate eoncurrence of 
three entirely different disturbances, where two of them would not 
have been able to prevent success, the results of the two slit-speetro- 
graphs have come to nothing. 

The first of these disturbances happened as follows. Some hours 
before the beginning of the eclipse, the steel band which transfers 
the motion of the siderostat axis to the coelostat axis was broken 
entirely without my fault through a movement which was altogether 
inadmissible for my part of the siderostat, which we used in common. 
At one end of this band, which was fixed between two copper plates 
by means of two steel screws, the two holes through which these 
screws passed were torn up. This effect could not possibly have 
been reached by a stress of 100 kilograms. The fact that this happened 
instead of the steel band simply sliding over the steel axis was the 
best refutation of the often quoted opinion that this way to transfer 
motion should not be reliable. The dust, inevitable in an eclipse 
camp, naturally heightened the frietion of the band on the axis. 
Hence it is evident that the disturbance to be mentioned next would 
have had no effect on the instrument if it had been in the condition 
as it was before the fracture. Fortunately I had spare bands taken 
with me and a new one could be put on, which operation, however, 
cost three quarters of an hour of our time which began to grow 
more and more precious, nor did this incident contribute to the 
quietness so indispensable at an eclipse. 

During the first part of tbe first partial phase, as often as the 
sun was visible through the clouds, we could control whether the 
image of the sun fell on the slit and it could be easily kept there. 

Now, however, something happened which in America and in the 
East Indies would have been utterly impossible, but proved to be 
inevitable in Spain as experience had taught me during a fortnight. 
During the second half of the first partial phase, a little more than 
a quarter of an hour before the eritical moment my assistant admitted 
several persons near my apparatus. Against this I was altogether 
powerless. It seems that one of these unwished for visitors has pushed 
against the coelostat mirror and thus disturbed it, from which may 
be inferred that the newly fastened band has more or less given way 
at its fastening points and the frietion on the axis was not sufficient 
to prevent disturbance. 
 Had not over and above — the third disturbancee — the sky been 
elouded and the sun for the rest of the time been invisible, I should 
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have detected the absence of the image by means of the controlling 
telescope and could have removed the mirror into its proper position, 
now, however, the absence of any image was quite accounted for 
by the clouds. As a few seconds before the beginning of totality 
the sun broke through the clouds the absence of the image was 
stated and the displacement of the mirror became manifest; yet 
without proper assistance it was impossible to put it in order. 


(December 21, 1905). 


